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ABSTRACT

Effective decision-making under uncertainty is a critical challenge in multi-criteria decision-
making problems, particularly when dealing with ambiguity, vagueness, inconsistency, and
imprecise data. This study proposes a novel mathematical framework based on generalised
trapezoidal L-R intuitionistic fuzzy numbers (GTrLRIFNs) integrated with the VIKOR
method to address uncertainty in decision-making. The proposed generalised trapezoidal L-R
intuitionistic fuzzy VIKOR (GTrLRIF VIKOR) method extends traditional intuitionistic fuzzy
numbers by incorporating non-linear left and right membership and non-membership
functions, as well as confidence levels, to better capture human judgment in the evaluation of
VIKOR method. A generalised aggregation operator, generalised trapezoidal L-R intuitionistic
fuzzy weighted average (GTrLRIF-WA), is developed to facilitate the combination of
uncertain criteria values, enhancing the model’s capability to process complex linguistic and
numerical data. The proposed method of GTrLRIF VIKOR is applied to classify alternatives
in a real-world case involving water quality assessment for five rivers in Johor, Malaysia,
based on six evaluation parameters. The results demonstrate that GTrLRIF VIKOR produces
consistent rankings with traditional methods which are Water Quality Index (WQI) method
and Fuzzy Complex Index (FCI) method while offering a more robust representation of
uncertainty. The proposed GTrLRIF VIKOR method addresses uncertainty by incorporating
degrees of confidence, making it a more suitable, flexible, and realistic approach as it captures
greater uncertainty compared to the traditional WQI method and FCI method.

Keywords: confidence level; intuitionistic fuzzy number; L-R type; MCDM; VIKOR; river
water pollution; weighted average

ABSTRAK

Pembuatan keputusan yang berkesan di bawah ketidakpastian ialah cabaran kritikal dalam
masalah membuat keputusan berbilang kriteria, terutamanya apabila menangani kekaburan,
kekaburan, ketidakkonsistenan dan data yang tidak tepat. Kajian ini mencadangkan rangka
kerja matematik baru berdasarkan nombor kabur intuisi L-R trapezoid umum (GTrLRIFNs)
yang disepadukan dengan kaedah VIKOR untuk menangani ketidakpastian dalam membuat
keputusan. Kaedah VIKOR kabur intuisi umum trapezoid L-R (GTrLRIF VIKOR) yang
dicadangkan memanjangkan nombor kabur intuisi tradisional dengan menggabungkan fungsi
keahlian dan bukan keahlian kiri dan kanan bukan linear, serta tahap keyakinan, untuk
menangkap pertimbangan manusia dengan lebih baik dalam penilaian kaedah VIKOR.
Pengendali pengagregatan umum, purata berwajaran kabur intuisi L-R trapezoid umum
(GTrLRIF-WA), dibangunkan untuk memudahkan gabungan nilai kriteria yang tidak pasti,
meningkatkan keupayaan model untuk memproses data linguistik dan berangka yang
kompleks. Kaedah GTrLRIF VIKOR yang dicadangkan digunakan untuk mengklasifikasikan
alternatif dalam kes dunia sebenar yang melibatkan penilaian kualiti air untuk lima sungai di
Johor, Malaysia, berdasarkan enam parameter penilaian. Keputusan menunjukkan bahawa
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GTrLRIF VIKOR menghasilkan penarafan yang konsisten dengan kaedah tradisional iaitu
kaedah Indeks Kualiti Air (WQI) dan kaedah Fuzzy Complex Index (FCI) sambil menawarkan
perwakilan ketidakpastian yang lebih mantap. Kaedah GTrLRIF VIKOR yang dicadangkan
menangani ketidakpastian dengan memasukkan darjah keyakinan, menjadikannya pendekatan
yang lebih sesuai, fleksibel dan realistik kerana ia menangkap ketidakpastian yang lebih besar
berbanding kaedah WQI tradisional dan kaedah FCI.

Kata kunci: tahap keyakinan; nombor kabur intuisi; jenis L-R; MCDM; VIKOR; pencemaran
air sungai; purata wajaran

1. Introduction

Multiple-Criteria Decision Making (MCDM) is a vital approach for addressing complex
decision problems involving conflicting criteria (Sahoo & Goswami 2023). It enables
decision-makers to systematically evaluate and prioritise alternatives by considering multiple
quantitative and qualitative factors simultaneously. Recent literature highlights the rapid
growth of MCDM method, driven by its ability to handle complex problems. Popular methods
such as Technique for Order Preference by Similarity to Ideal Solution (TOPSIS), VIKOR,
and Analytic Hierarchy Process (AHP) method are widely applied across fields like
environmental (Deng et al. 2024; Gacina et al. 2024; Shinde et al. 2024).

One critical area where MCDM can play an important role is in addressing water
pollution, particularly river pollution, which is a growing environmental and public health
concern (Garai 2024; Karbasi Ahvazi et al. 2024; Ostad-Ali-Askari & Kianmehr 2024). River
pollution, caused by the presence of harmful substances and contaminants, affects not only
water quality but also has far-reaching impacts on biodiversity, agriculture, and industrial
productivity (Liu ef al. 2013). Water resources in Malaysia originate from rivers, lakes, and
groundwater, according to the Department of Environment Malaysia (DOE Malaysia) (2019).

Rivers are natural streams of flowing water that are naturally clean at their source.
However, the water quality of the river is adversely affected by point and non-point pollutant
sources as the water moves downstream (Chowdhury ef al. 2018). The primary point sources
in Malaysia have been determined to be industrial locations, sewage treatment plants, and
residential sullage. Markets, eateries, workshops, homes, solid waste disposal facilities,
aquaculture, gas stations, more are additional point sources of pollution in the river basin
(Afroz et al. 2014). A water body is impacted by diffuse sources of non-point source
pollution, which can build up from multiple sources. Controlling pollution from non-point
sources is more difficult than controlling pollution from point sources. While some pollution
originates from natural sources, human activity has been the primary cause of river pollution
in Malaysia (Afroz et al. 2014).

As we examine the various sources of river pollution in Malaysia, it is crucial to note that
the issue extends to different regions. For instance, in Johor, Malaysia, where the main
economic activity is agriculture, and oil palm plantation is the most dominant land use for
agriculture in Johor, Malaysia, which is 71% (Pak et al. 2021). The high nutrient
concentration in fertilizers used on oil palm farms can frequently be carried into surrounding
rivers during a storm event, leading to river pollution. There are possible pollution sources for
the Johor River: mineral components, industrial and man activity, agriculture, sewage, paint/
rubber/ plastic industry, abundant elements in the earth's crust, and livestock manure
(Samsudin et al. 2017). Various pollution sources, ranging from industrial and human
activities to agricultural practices, contribute to the pollution of the Johor River, highlighting
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the need for a comprehensive river water pollution classification method. Classifying river
water pollution is therefore necessary to accurately and effectively to determine river
pollution while maintaining water resources and permitting targeted remediation efforts.

Department of Environment Malaysia (2019) stated that different water quality criteria
need to be assessed to determine the health of the river water ensuring its safety for any
purpose. This is due to the water quality level being overly detailed and technical, displaying
monitoring information on particular substances without offering a holistic and
comprehensible picture of water quality (Khan 2017). Although the two are closely related, it
is important to distinguish between water quality and water pollution when talking about both
of them. "Water quality” is the overall condition of the water, taking into account all of its
physical, chemical, biological, and radiological properties. Contrarily, "water pollution"
mostly refers to the degradation or contamination of water due to dangerous substances.

There are several ways to assess the level of pollution in river water, including the Water
Quality Index (WQI), which was created by DOE Malaysia, the Nemerow pollution index
(NPI), and the Fuzzy Complex Index (FCI). In 1985, DOE Malaysia and Universiti Malaya,
Malaysia, collaborated to create the WQI method in Malaysia for determining water quality
levels (Arsad 2009). The WQI is a straightforward approach for determining a single value
representing the overall water quality level based on various water quality parameters
(Department of Environment Malaysia 2019). The WQI simplifies these variables' intricate
logical data into a single, easily analysed value (Mohammadpour et a/. 2023). The NPI is
another approach to identifying river water pollution. According to Xu et al. (2014), the NPI
is a weighted multi-factor environmental quality measure considering extreme or remarkable
maximum values. The NPI considers a variety of pollutants, including solid waste pollutants,
water pollutants, and air pollutants. Zhang et al. (2018), Su et al. (2022a), and Su et al.
(2022b) used the NPI in water quality assessment to determine water pollution. Next, the FCI
approach introduced by Zhu and Hu (2010) can evaluate the level of water pollution and
water quality by categorising the river water to develop a thorough water quality index to
evaluate Donghu Lake, China's water quality trend. Based on the idea of fuzzy set theory,
fuzzy approaches are already among the most common methods used in evaluating river
water. To reduce the risk of river water pollution, however, to effectively and completely
clean the river, early problem classification is necessary.

Shafie et al. (2023) introduced generalised trapezoidal L-R intuitionistic fuzzy numbers
(GTrLRIFNs) with Technique for Order Preference by Similarity to Ideal Solution (TOPSIS)
method to classify the river water pollution in Johor, Malaysia. Shafie et al. (2023) evaluates
alternatives based on the Euclidean distance of GTrLRIFNs from an ideal solution and a
negative ideal solution. Along with TOPSIS, Shafie et al. (2023) also used Criteria
Importance Through Intercriteria Correlation (CRITIC) approach to unbiasedly establish the
criteria weights according to their interactions.

Hence, this study aims to classify river water pollution using generalised L-R intuitionistic
fuzzy number (GLRIFN) with the VIKOR (GLRIFN-VIKOR) method for several rivers in
Johor, Malaysia that incorporate a confidence level to quantify the uncertainty associated with
each value, offering a more robust representation to cater the problem of ambiguity,
vagueness, inconsistency, and imprecise uncertainty with a more reliable evaluation due to
consideration of confidence level. The adoption of GTrLRIFNs over other fuzzy models is
justified by their enhanced flexibility and expressiveness in representing expert knowledge
and environmental uncertainty. Unlike conventional fuzzy numbers, GTrLRIFNs consider the
non-linear functions for left and right membership and non-membership functions, along with
the confidence level in the evaluation making GTrLRIFNs highly suitable for modeling the
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vagueness, imprecision, ambiguity, and inconsistency information in environmental decision-
making.

By identifying the compromise option that is closest to the ideal, VIKOR is used to resolve
choice problems with competing and non-commensurable criteria. A comprehensive
examination of data uncertainty is presented by the GLRIFN-VIKOR, which has the
advantage of better representing the human evaluation process through membership and non-
membership functions. Additionally, incorporating confidence level values will bring a new
dimension of data to evaluate the judgment behaviour of the decision-makers.

2. Materials and Methods

In this section, the preliminaries, arithmetic, and aggregation operation of generalised L-R
intuitionistic fuzzy number (GLRIFN) with illustrative examples are defined.

2.1. Preliminaries

This section provides the following definitions for GTrLRIFNSs:

Definition 1 Shafie er al. (2023) A generalised trapezoidal L-R intuitionistic fuzzy numbers
(GTrLRIFNs) 4 =(m,,n,;m,"\n, "1 ,r;:1, "7, shsh,"),, defined by a membership and non-

a >"a’ a’’a ?

membership functions 4= {<x, wy(x),v, (x)>|x € X} with the condition 0<h, +h,'<1,

where
L mzj e
wy(x)=1h, ” ; m,<x<n,
h,-R x—na] ; n, <x <40
r
(1)
1-(1-h,") L(’"“Z'_'xj . —co<x<m,'
VA(X)= h,' " ; m,'Sx<n,’

such that m_,n, ,m ',n ' [ vl "r'eR, m,<n, m,/'<n,|, hae(O,l], and ha'e[O,l).

a *"a’"a®’a % a a

The GTrLRIFNs denoted as A=(m,,n;m,"n, "1, r;l, " r,shsh,"), . where m, and n,

are the core of membership degrees, m,' and n,' are the core of non-membership degrees, /,

a

LR

and r, are the left spread and right spread of the membership functions, x, respectively,
while /,' and r,' are the left spread and right spread of the non-membership functions, v,
respectively. The functions L and R denote the left and right reference functions of y, and
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v, respectively. The values of %, and 4,' represent the height of the core for membership
and non-membership degrees respectively, such that /,: X —(0,1] and &,': X —[0,1) ;
0<h +h'<l1.

2.2. Arithmetic operations of generalised trapezoidal L-R intuitionistic fuzzy numbers

Suppose two generalised trapezoidal L-R intuitionistic fuzzy numbers (GTrLRIFNs)
A=(m,,n;m,"\n, 50,50, S hysh) o and B =(my,ngmy\ny 5l ns0 Sy k'), The
definition of the sum, subtraction, product, inverse, and quotient of two GTrLRIFNs are
introduced in Definition 4 to Definition 8 respectively.

Definition 2 Let C=A4® B be the sum of two GTrLRIFNSs. Then,

— . ' ' ' . 1 ' ' 1.
C=m,+my,n,+n;m, '"+m',n'+n'"5l +1, v, +r;l "+ " r,'+1" )
min(h,,h, );max (h,',h,")),,

for 4>0,B>0.

The construction of GTrLRIFNs addition is as follows. Note that the L is left reference
function and the R is right reference function. The formula for GTrLRIFNs addition is by
considering the increasing and decreasing parts of membership and non-membership

functions. The increasing part of membership function of GTrLRIFNs ;' (x)and s (x)are
as follows:

i (x)=h, .LLmal—xa ] 1 (x)=h, L(@]

a b

where ;' (x)and 4 (x)are fixed value in (0,1]. This is equivalent to

A B
x,=m,—LL" [—'UL (x)j, x,=m, —1,L" ('UL (x)]

h

a

This implies
- o (x
X, =x,+x, =(m, +m,) (I, +1,)L l[—minlz}i,)hb)]’

(mm>J

i ) =min( )1 2

The decreasing part of membership function of GTrLRIFNs (x) and (x) are as
follows:
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,u,f(x):ha-R{x”_n“}, ,u,f(x):hh-R{xb_nb}

ra rb

where 1 (x)and u; (x)are fixed value in (0,1]. This is equivalent to

A B
x,=n,+r,R" (—#Rh(x)} x, =n, +1,R" ('UR (X)J .

This implies

c
X, =X, +x, :(na +nb)+(7a+7b)Rl(nli/:ET(X)}%)J’

25 (x)=min(h,.h, )- R{MJ .

r, +l"b

The decreasing part of non-membership function of GTrLRIFNs v;'(x)and v; (x)are as
follows:

A S R ey

b

where v;' (x)and v; (x)are fixed value in [0,1). This is equivalent to

4 _ B
X :ma'_la'Ll(lv—L(x)j, xb:mbl_lqul[l vV (X))

‘ 1-h,' 1—h,'

This implies

_ 1—]/C X
x, =x,+x,=(m,"+m,")—(,'+1,")L I(WE}IE',)@,')}

vE (%) =1 (1~ max(h, . '))-L[MJ.

L'+

The increasing part of non-membership function of GTrLRIFNs v} (x) and v (x) are as
follows:

R e O R AR Er
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where v (x)and vy (x)are fixed value in [0,1). This is equivalent to

4 B
xa:na'+ra'Rl[1 VR(X)]’ xz,:nb"""b'Rl[l VR(X)]‘

1—h,' 1—h,'

This implies

x(,=xa+xb=(na'+nb')+(ra'+rb')R_l( I‘fo(’f)b')}
0=t man ) D).

Example 1 Let 4=(5,7;5,7;1,2;4,3;0.7;0.3),, and B=(6,7;6,7;3,1;2,3;0.6;0.2) . be two
GTrLRIFNs. Therefore, using Definition 2 (Eq. (2)),
A(-BB=(5+6,7+7;5+6,7+7;1+3,2+1;4+2,3+3;min(0.7,0.6);max(O.3,0.2))LR
= (1 1,14;1 1,14;4,3;6,6;0.6;0.3)LR .

Definition 3 Let C=A4O© B be the difference between the two GTrLRIFNs. Suppose the
formula for the opposite of GTrLRIFNs is

—(m,n;m',n';l,r;l’,r';h;h')LR =(—m,—n;—m',—n';r,l;r',l’;h;h')RL. 3)
Then, the subtraction of two GTrLRIFNs is

C=(m,—m,,n,—n;m,'=m,",n,'=n"0 +r,r,+1;l "+n'"r'+1"
min (4, h, );max (h, 5, ")) . @)
for A>0,B>0.

Example 2 Let 4=(8,108,10;5,4:4,3;0.6;0.4) . and B=(4,5:4,5;3,1:2,3;0.7;0.2) , be two
GTrLRIFNs. Therefore, using Definition 3 (Eq. (4)),

A©B=(8-4,10-58-4,10-55+1,4+3;4+3,3+2;min(0.6,0.7);max (0.4,0.2))
=(4.5:4,5:6,7,7,5;0.6,0.4) .

LR

Definition 4 Let C=A® B be the product of two GTrLRIFNs. If 4>0,8>0, then

— . . [ (R ' 1 .
C=mmg;nn;m, 'm';n,'n"sml, +ml nr,+nr,; )

' ' 1 1 1 1 ' 1. 3 . 1 \l
m,'L+my' L n, oy, min (b, ky );max (B, k")) g

a a
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The construction of GTrLRIFNs multiplication is as follows. The formula for GTrLRIFNs
multiplication is constructed by considering the increasing and decreasing parts of
membership and non-membership functions. The increasing part of membership function of

GTrLRIFNs 4 (x)and g (x)are as follows:

i (x)=h, .L[mal—xu]’ 1 (x)=h, L[@j
a b

where ;' (x)and 4 (x)are fixed value in (0,1]. This is equivalent to

A B
x, =m,—1L" (—’uL (x)}’ X, =m, —lbLl[uL (X)J

h h,

This implies

'xc = xa ' xb

s (5 5

The decreasing parts of membership function of GTrLRIFNs s (x)and x; (x)are as

follows:

yg(x)zha-z{xa‘”a}, yg(x)zhb-z{"b‘”b}

r n,

a

where 15 (x)and u; (x)are fixed value in (0,1]. This is equivalent to

A B
X, =n,+ raR’1 (—'uRh(x)J, X, =n, + rbR’1 (#R (x)] .

a

This implies

xc‘:xu.xh
c 2
:nanb'*‘(narb"'”b’”a)}rl M +rn R ﬂ )
min (A, ) min (A, 4, )

The decreasing part of non-membership function of GTrLRIFNs v;'(x)and v; (x)are as
follows:
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L'

) -1 B v ()1 T

where v;' (x)and v; (x)are fixed value in [0,1). This is equivalent to

This implies

X, =X,"X,
2
|l| _,C _,C
T L ) (1 9 R PRV ] (e AR |
m,'l, l—max(ha Lh, ) l—mln(ha Lhy )

The increasing part of non-membership function of GTrLRIFNs v; (x) and v, (x) are as
follows:

V,f(x)zl—(l—ha')-R[x“_'n” j vg(x)=1_(1_hb').R(Lf’b'J

T

where v} (x) and v, (x) are fixed value in [0,1) . This is equivalent to

A B
xa:na'_'_ra'Rl(l VR(’x))’ xb:nb"""b'Rl[l VR(X)]‘

1—h,' 1—h,'

This implies

'xc = xa ' xb

[ _,,C _,,C 2
=n,'n, '+ fa Ty R —1 Ve (x) +r'n'| R —1 Ve (x) .
n'r,' 1-max (h,"h,") 1-max(h,'h,")

_ c 2 c 2
1-—
i shor. i e e 14

min (4, h, 1—min(h, "k,

neglected, provided the /,/,,/ ', and /,' are smaller compared with m_ ,m,,m,"

a’'b>%a a

c 2 e 2
and if 7., {Rl (LX))H and ra'sz'{R]{ 1=va (¥) )J:l are neglected, provided

min (h,,h, 1—max (h,',h,"'

and m,"',
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c
. x
that 7,,7,,7,',and 7 ' are small compared with n ,n,,n ", 'UR( )
min (/,,h,)
1-v§ (x)

1—-max(h,'h,")

and n,', and/or

are in the neighbourhood of 1, the equation will become simpler.

Example 3 If A4>0,B>0, then let A= (5,7;5,7;1,2;4,3;0.7;0.3)LR and
B=(12,15;12,15;3,1;2,3;0.6;0.2),, be two generalised trapezoidal L-R intuitionistic fuzzy
numbers. Therefore, using Definition 4 (Eq. (5)),

A®B=(5-12,7-15;5-12,7-15;(5-3)+(12-1),(7-1)+ (15-2);
(5-2)+(12-4),(7-3)+(15-3);min(0.7,0.6);max (0.3,0.2)) .,
=(60,105;60,105;27,37;34,66;0.6;0.3) ,

Definition 5 Let 4" be the inverse of GTrLRIFN. Then,

A =(mg,n;m, \n, 5050 ks h, )

a’’a’a

(6)

A similar formula holds when A4 <0 since —(4™")=(-4) .

The construction of GTrLRIFN inverse is as  follows.  Obviously,

My (x) =u, (lj,Vx #0,v4eR. Let A be a positive GTrLRIFN. If
b

—-X
j;xﬁm,

then, when A4 =(m,n;m',n';l,r;l',r';h;h')

uf(X)=h'L-(m

LR’

1 1 mx —1 1
. = —|==-L, x> —.
H (3) 'uA(xj h ( Ix jx m

Noted that the ;' (x) is built from the left curve of 4. Moreover, 4™ is not a L-R type

intuitionistic fuzzy number. However, by considering the neighbourhood of — and
m

approximation formula can be used as follows:
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#Al(x)=/lA(lj % /41 ; xZ%-

Similarly with right curve of 4, u; (x).

Example 4 Let A=(5,7;5,7;1,2;4,3;0.7;0.3)LR be the generalised trapezoidal L-R

intuitionistic fuzzy number. Therefore, using Definition 5 (Eq. (6)),

A= (1111%,%,%,“2,0703)
5°7°5°7°7*°5% 77775 .

(L1112 1.3 4 .6503) .
5°7°5°7°49°25749° 25 o

Definition 6 Let C=A4A»B be the quotient of two GTrLRIFNs using the identity
A2 B=A® B, the division of GTLRIFNSs can be obtained as follows. If 4>0,B8>0, then

ma . na . ma'. na '. mulb +mbla narb +nbra
C:( 5T s 3 s

' [} 2 2 2 2
m, n, m, n m, n,
m 'l[ '+ mbll 1 n |rb |+ n[ 'r 1 (7)
a D a a D a . : . 1 1
> , = smin(h,, b, );max (b, k")),
m, n,

Example 5 If 4>0,B>0, then let A4=(57;571,2;4,3;0.7,03),, and
=(12,15;12,15;3,1;2,3;0.6;0.2)LR be two GTrLRIFNs. Therefore, using Definition 6 (Eq.
(7)),

5 7 (5:3)+(12:1) (7-1)+(15-2)
15°12°15 122 ’ 152 ’
12-

) , (7 3)15515 ‘ 3) ;min(0.7,0.6);max(0-350-2))LR

(57573372922 j
LR

2 L2 L 22 220603
12°15°12°15°16° 2257727 75

2.3. Generalised trapezoidal L-R intuitionistic fuzzy weighted average

Generalised L-R intuitionistic fuzzy weighted average (GLRIF-WA) is a process to aggregate
generalised L-R intuitionistic fuzzy numbers (GLRIFNs) using weighted average. In the
evaluation of weighted averaging for GLRIF-WA, it is considered the scoring criteria, x;, and

the relative weight, w, are both GLRIFNSs, and thus it forms a GLRIF-WA problem.

Definition 7 The aggregated value of GTrLRIF-WA (m,,n;m,'\n. 1,531 " r. s hshy') - for
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i=12,...,n by using GTrLRIF-WA operator is also a GTrLRIFNs, and denoted as

Xomtml Xl ntnt XL m m X e
Xiom T Xiw T XLm T Xie
S (s )1+ m) (m L+ mL )
Z:IZI miw2 >
S () () )
y:f XXy 5eees X5 _ :,:1 niwz s (8)
Wi Wysos W, . ) ’ )
2 (mi“' "'m; ')Iiw +m '(ml.”‘ m ’)
m 2 ’
S (o e o )
Xnt ’
AL (BB ) Vi min (B RS R

LR
where (miw,nl."’;mf Lt e L h kY ')LR is the relative weight of GTrLRIFNs while
(mf Jnsm L S L Y h ')LR is the scoring criteria of GTrLRIFNS.

The proposition of monotonicity, commutativity, boundedness, and idempotence for
GTrLRIF-WA operator are shown as Proposition 1 to Proposition 4 respectively.

Proposition 1 Monotonicity Let A= (ma’_ o, sm,n, S sl Sh sk, ')LR and
B= (mb,- My smy sy S, on sk Sy Sy ')LR for i =1,2,...,n be a collection of GTrLRIFNs. If
m, <m, ,n, <n,,m,'<m ', n'<m"', [ <l r <p. [ '<lL' r'<n"' h <h, and

h,'<h,', then GTrLRIF-WA

forall i=1,2,....n.

a; °%a; %" q,

Proposition 2 Commutativity Let A=(ma.,n,,,;ma “n, 50 vl L, Sh sh, ')LR for

i=1,2,...,n be a collection of GTrLRIFNs. B = (mhi Sy smy oy S n L Sy sk ') is

b b IR
any permutation of the (mi,ni;m,.',ni’;li,i;;li',ri';hl.;hi')m for i=12,...,n . If m, =m, ,

=h, ,and h,'=h, "'

i

_ " ' " ' _ _
nai _nbi’ ma, _mhi ’ naz —nbr‘ ’ lal T F _I/}’,’ !

a; aivzlb"’ra,':rb,»"h
then GTrLRIF-WA

a4
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forall i=1,2,....n.

Proposition 3 Boundedness Let Az(ma’_,na[;ma"n 5.l Sh sk, ') for

S a; 27a; 0 a0 a; O q; LR
i=12,....,n be a group of GTrLRIFNs. If

A" =(minm, ,minn, ;minm, ',minn, '
i ! i ! i ! i !
1 1 . 1 ' 1 1. 1 . '
min L, min7, ;min L' min7, ', min h,; max h, )i
A" =(maxm, ,maxn, ;maxm, ',maxn, ';
1 1 1 1

. ' . . 3 U
max lal,mlax rai,mlaxlai ,max7, ';max ha,»’m,-m h,)iro
- ) N
then, A4 Sf(xl,xz,...,xn,wl,wz,...,w )SA .

Proposition 4 Idempotence Let A = (mal n,sm, i, Sl sl Shy sk, ')LR for

i=L2,.,n be a group of GTrLRIFNs. If all g, for i=1,2,...,n are equal such that
A =4,=..=A4, =A, then GTrLRIF-WA f(xl,xz,...,x W Wy ey W )z(x;w).

no n

Example 6  Assume that the parameter x, =(5,7;5,7;1,2;4,3;0.6;0.2)
X, = (6,7;6,7;3,1;2,3;0.6;0.3)LR, and x; = (8,10;8,10;5,2;3,4;0.9;0.I)LR be the scoring criteria.
Let W, =(5,7;5,7;2,3;3,4;0.7;0.1) W, =(4,6;4,6;1,2;3,2;0.8;0.1)
W, =(6,7;6,7;3,2;1,2;0.7;0.2)LR be the relative weight. Then, the sum of W, W, W, were
obtainedw=(15,20;15,20;6,7;7,8;0.7;0.2)LR.

LR’

and

LR’ LR®

1 717 4109 16 17
w=w ow=|_-,——,—;—,——;—,——0.7,0.2
. 372073720715°400° 4550 ®
4 4 13 41 11
Wy, =W @W=(—,i;—,i;—3,—;7—3,—;0-7;0-2)
157107157107 757200 22550 x
2727 9 8 19 6
wy=w, Ow=|—,——,—;—,——;—-,-,0.7,0.2
: 572075720°257400° 75725 ®
_w1x1+w2x2+w3x3_(9_7 161 97 161 823 2017 2663 1289 _03)
22574007 2257400 11257 4000°3375°2000" ),

W+ w, +wy

2.4. VIKOR using GTrLRIFNs with weighted average aggregation operator

This study classified the water pollution of multiple rivers in Johor, Malaysia, using the
generalised trapezoidal L-R intuitionistic fuzzy VIKOR (GTrLRIF VIKOR) approach with
a weighted average aggregation operator. The GTrLRIF VIKOR flowchart with a weighted
average aggregation operator is displayed in Figure 1.
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Start

7) Calculate the values

1) Choose the of S;and R;

appropriate data

8) Calculate the values

2) Identify suitable of $%, 5, R", and k-

linguistic terms

9) Calculate the
3) Determine the value of Q
linguistic levels of weight

10) Defuzzify the
4) Apply the GTrLRIFNs Q
GTrLRIF-WA operator

11) Determine the best

5) Obtain the aggregate compromise solution
GTrLRIFNs and
GTrLRIF decision matrix

12) Determine the
best alternative

6) Determine the GTrLRIFBV
and GTrLRIFWV
End

Figure 1: Flowchart of generalised trapezoidal L-R intuitionistic fuzzy VIKOR with weighted average
aggregation operator

The following procedures are used to classify river water pollution:

Step 1: Select the relevant information in addition to the evaluation criteria (C) and
alternatives (A4).

Step 2: Identify relevant linguistic terms for the linguistic variables with respect to each
criterion and importance weight of alternative.

Step 3: Determine the linguistic levels of the weight w, for each i=1,2,...,n.

Step 4: Apply the GTrLRIF-WA aggregation operator using Eq. (8) and get the aggregated
GTrLRIFNs of the GTrLRIF decision matrix.

Step 5: After obtaining the aggregate weight of alternatives and rating of criterion, the

GTrLRIF decision matrix is obtained by constructing a generalised L-R intuitionistic fuzzy
decision matrix D.
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X X X1n
X X X.
21 22 2n . _
D: . > l:1929 7m9 ,]_1129 9”1
xm] xm2 'xmn

where x; is the rating of alternative 4, with respect to criterion C,.

)

Step 6: Determine the generalised trapezoidal L-R intuitionistic fuzzy best value
(GTrLRIFBYV) denoted as fj* and generalised trapezoidal L-R intuitionistic fuzzy worst value

(GTrLRIFWV) denoted as f; .

max x;, ; for benefit criteria
fr=1
7 |minx, ;for cost criteria
1
min x; ; for benefit criteria
fr=4
7 |maxx, ;for cost criteria
at
where
max(ml. —ll.,mj —lj),max(ml.,m/.),max(ni,nj),
. ' ' ' 1
max(nl. +7;,0, +1f/.),rnax(mi =1 \m;'-1, ),
max x,; =
i ' U ' U ' ' ' .
max(m,. ,m; ),max(n,. N, ),max(n,. +rhn; '+, ),
3 . ' !
mln(hi,hj),max(hi Jh; ) ,
mln(m,. —1,m; —lj),mln(ml.,mj),mln(nl.,nj),
3 . 3 1 ' ' 1
_ mln(nl. +7;,0; +rj),m1n(ml. =1'\m;'-1, ),
minx; =
i : ' ' : ' ' : ' ' ' .
mln(ml. ,m; ),mln(nl. A, ),mln(ni +rn; '+, ),
. 3 ' 1
max(h,.,hj),mln(hl. Jh ) L

for i=1,2,3,...,k;j=1,2,3,....k .
Step 7: Calculate the values of S, and R, for i=1,2,3,....k.

iw.i (f/ - xi/')
(57 =1)

i

(10)

(11)
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*

* * * * *
o =Xy Fog =Xy Jowey = X s Sy =X 3y X Sy

, S+ %0 +x,,/.;min(hf,,hxy );max(h'f_f,hvxu)
_ o i 7 LR
= w.
/ * — * -. * — * - . * — * -
j=1 Jog = Fops Loy = L5 S = S o Sy = Fuis By ¥ s Sy + 1y (12)
* — * -. . . ' '
S Lo S+ l,j,mm(hf;,hf/,),max(h f;,hf/_,) )
o)
Rlzmax J *./ _l/
L)
fm‘ _xmj’f;zj _xnj;J[m'j _xm'j’/[n'j_xn'j;j;j +xrj’Jrrj +x1j;
* * . 13
S+ X0 S +x,,‘/.;m1n(hf;,hxy );max(h'f;,hvxv) (13)
zmaX ij " — " ~ - _ P _ * _ * _ H
! Joi = Fois g = L5 Sy = S o Sy = Furis By ¥ s Sy + 0y
S B b+ Symin (b Jsmax (b )

LR

where S, = 4 with respect to all criteria calculated by the sum of the distance for GLRIFBV
th

while R =4 with respect to the j
GLRIFWV.

criterion, calculated by maximum distance of

Step 8: State the values of S*, ™, R, and R".

* . —
S =mins,, S” =max s,
; .

1

R =minR, R =maxR, (14)

Step 9: Calculate and rate the alternatives by the index Q, for i =1,2,3,...,k by using Eq. (15).

%

s
>LR

>LR J

Ry +R..R, +R

b

LR

Smi _Sm’Sni _S;:;Sm'i _S;"Sn’i _S:';Sli +S:’Sri —i_S;<
S, +S..8,, +S,*.;min(hs Jh );max(h's_ ,h's*)
=9 : :
@ S -8 .S -85 ~-S8 .S, S ;S +8;S +S;
Sy + 87,38, + Spsmin (b, );max (kg h )
I Rmi _R;’Rni _R:;Rm'i _R::t"Rn'i _R:"
L18) R, +R:,,Rr.[:R;;min(hRi e );max(h'Ri ,h'R,)

<R,,,—R,’;,Rn—R

R, — R, R.~RR +R:R R
R, + R:.;R; +R,*,;min(hR, ,hR* );max(hR, ,hR*)

.

(15)

where ¢ is introduced as weight of the strategy of “the maximum group utility” and often set
to be 0.5 (Muhamad et al. 2018).
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Step 10: Defuzzify the value of Q,. The defuzzification procedure makes use of the graded
mean integration (Devi 2011). A GTrLRIFNs in a notation
0= (Q(m—[)i’Q(m)i’Q(n)i’Q(n+r)i;Q(m'fl')i’Q(m')i’Q(n')i’Q(n'Jrr')i;Q(h)i;Q(h')i ) " is converted into an
exact number by utilising Eq. (16).

(Q(m—l)i + Qi T Oy + Qi )Q(h)i + (Q(m'—l')i + Qi + Oy T iy )Q(h')i

_ ' (16)
Q 8

The right and left utilities can be combined to obtain the crisp value. The list O, implicit the
detachment estimates of 4, from the top alternative. Therefore, the lower the VIKOR index

0, the preferable the alternative (Sunarsih ef al. 2020).

Step 11: Determine the best compromise solution. The alternative A4' is the best ranked by
the measure Q if the following two conditions are satisfied:
[Condition 1]: Reasonable advantage.

Q(A")—Q(A')ZDQ; DQ=——- a7

where A' and A" are the first and second position in the ranking list by QO ; m is the number
of alternatives.

[Condition 2]: Acceptable stability.
The alternative A4' must be ranked first with the minimum of S (A') or/and R(A'). The

compromise solution can be found if one of these requirements is not satisfied:
e Alternative A4' and A" if condition 2 is not satisfies, or
e Alternative A',A",...A" if condition 1 is not satisfied: 4™ can be calculated by the

equation Q(A’” ) — Q(A ') < DQ for maximum m .

Step 12: Determine the best alternative by sorting the VIKOR index Q in ascending order.

2.5. Determination of generalised trapezoidal L-R intuitionistic fuzzy numbers

This study replicates the work of Shafie et al. (2023) on the generalised trapezoidal L-R
intuitionistic fuzzy number (GTrLRIFN). The trapezoidal L-R intuitionistic fuzzy numbers
(TrLRIFNSs) for linguistic variables are modified based on the method used by Lee and Wang
(2010) that utilises the data’s minimum, maximum, mean, and standard deviation. This study
has used 100 river data from the bootstrap method to determine the minimum (min),
maximum (max), mean, and standard deviation (SD) used in Lee and Wang’s (2010) method.
Table 1 shows the sample formulation of the membership function for DO. All elements of
the river, which are DO, BOD, COD, SS, pH, and AN, have used the same formulation for the
evaluation. In Shafie et al. (2023), decision-makers determined the level of confidence, which
depended on their degree of certainty regarding the reliability of the dataset for each
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parameter associated with the rivers. The confidence level is important because it
acknowledges that humans have significance for determining the height of membership and
non-membership functions. Due to the fact that decision-makers frequently come from
various backgrounds with differing levels of experience, education, and other traits that may
impact the evaluation process, it is imperative to include the confidence level. Next, this study

also used the same L and R functions used by Shafie et al. (2023), which is y =

5

1+ x
Table 1: Formulation of membership function for DO
Linguistic Linguistic
Variable Term TrLRIFNs
VvC (Min,Mean — SD; Min, Mean — SD;0,SD;0, SD)LR
Min+ Mean 2Mean—SD Min + Mean
c 2 ’ 2 ’ 2 ’
ZMean_SD;S—D,SD;S—D,SD
2 2 2 LR
DO SP (Mean, Mean; Mean, Mean;, SD, SD;, SD, SD) "
2Mean + SD Mean + Max 2Mean + SD
P 2 ’ 2 ’ 2 ’
Mean + Max ;SD,Q;SD,Q
2 2 2 LR
VP (Mean + SD, Max; Mean + SD, Max; SD,0; SD,O) Lk

where VC = Very Clean, C = Clean, SP = Slightly Polluted, P = Polluted, VP = Very Polluted.

3. Implementation of the Proposed Methodology in the Classification of River Water
Pollution

The data for five rivers have been selected for further evaluation which has been provided by
DOE Malaysia: the Kim Kim River (4;), Sayong River (4.), Telor River (43), Pelepah River
(44), and Bantang River (45) from 2019 to 2021. The six criteria are DO (C;), BOD (C>),
COD (C3), SS (Cy4), pH (Cs), and AN (Cs) were used for evaluating the five possible
alternatives. While DO and pH were categorised as cost criteria in this study, BOD, COD, SS,
and AN were classed as benefit criteria. The suggested method is currently being used to
address this issue, and the procedure is summed up as follows:

Step 1: This study averaged river data (2019 until 2021) for each of the five alternatives.

Step 2: The relevant linguistic terms for the linguistic variables with respect to each criterion
and the importance weight of alternative were determined based on Table 2, are shown in
Table 3 to Table 5. Table 2 is obtained by modifying the water quality index classification
from Department of Environment (2019), aiming to derive alternative weights as
GTrLRIFNs.

Step 3: Linguistic levels of weight have been determined for each alternative from 2019 to
2021. It can be shown in Table 3 to Table 5 which indicates the class of WQI. The
GTrLRIFNSs for the class of WQI can be determined by Table 1, which indicates the linguistic
terms for alternative weights.
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Table 2: Linguistic terms for alternative weights

Alternative Weight GTrLRIFNs
Class I (VC) (1.00,4.15; 1.00,4.15; 0.00,8.55; 0.00,8.55; 1; 0)Lr
Class II (C) (12.70,18.10; 12.70,18.10; 8.55,13.60; 8.55,13.60; 1; O)Lr
Class III (SP) (31.70,39.90; 31.70,39.90; 13.60,15.17; 13.60,15.17; 1; 0)Lr
Class IV (P) (55.07,62.04; 55.07,62.04; 15.17,22.46; 15.17,22.46; 1; 0)Lr
Class V (VP) (84.50,100.00; 84.50,100.00; 22.46,0.00; 22.46,0.00; 1; 0)Lr

Table 3: Data ratings for every alternative in 2019

Alternative (River) | WQI C: (DO) C>(BOD) C3(COD)  C4(SS) Cs (pH) Cs (AN)
A1 (Kim Kim) v P VP P C C VP
A2 (Sayong) I C SP C vC SP C

As (Telor) I vC SP C SP SP SP
A4 (Pelepah) I vC SP C C C C
As (Bantang) II vC SP C vC vC SP

Table 4: Data ratings for every alternative in 2020

Alternative (River) | WQI C:;(DO) C:(BOD) C;(COD) C4(SS) Cs(pH)  Cs(AN)
A1 (Kim Kim) v P SP SP C C VP
A2 (Sayong) I vC C C C P vC
As (Telor) I VC C C SP C C
A4 (Pelepah) I C C C C C SP
As (Bantang) I vC C vC vC vC VC

Table 5: Data ratings for every alternative in 2021

Alternative (River) | WQI C:1 (DO) C>(BOD) C3(COD)  C4(SS) Cs (pH) Cs (AN)
A; (Kim Kim) I Sp P Sp vC C VP
A2 (Sayong) II vC vC vC C P C

As; (Telor) I vC C vC C Sp vC
A4 (Pelepah) II C C C C C SP
As (Bantang) I vC vC vC vC C vC

Step 4: Apply the GTrLRIF-WA aggregation operator using Eq. (8) and obtained the
aggregated values of GTrLRIFNs.

Step 5: The GTrLRIF decision matrix is obtained using Eq. (9) from the aggregated values of
GTrLRIFNSs, as shown in Table 6.

Step 6: Calculate the generalised trapezoidal L-R intuitionistic fuzzy best value
(GTrLRIFBYV), fj* and generalised trapezoidal L-R intuitionistic fuzzy worst value

(GTrLRIFWY), f; using Egs. (10) and (11) respectively, as shown in Table 7.

J
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Table 6: Generalised Trapezoidal L-R Intuitionistic Fuzzy Decision Matrix

Alternative | 1)) C: (BOD) C3 (COD) Cy (SS) Cs (pH) Cs (AN)
(River)
(220252,  (1189,12.98; (44484516, (28133152, (670,679,  (5.53.641;
5 220252, 11.89,12.98;  444845.16; 28.1331.52;  670,679:  5.53,641;
KimKimy | 096155 237770, 6752720;  5192570;  0.543.68; 1.19,3.48;
056,1.52; 237,770,  6.752720:  5.192570.  0.54,3.68; 1.19,3.48;
0.91;0.09)r  0.89;0.11)x  0.91;0.09k  0.91;0.09)r  0.93;0.07)r  0.91;0.09)x
(686701, (269277, (9.70,1031, (21332817, (480,482,  (0.09,0.11;
5 6.867.01;  2.69277;  970,1031; 213328.17;  480,482;  0.09,0.11;
Sayeng) | OT29Z 490052 17.03,148;  39.61925. 838,042  0.17,0.04;
0.72,11.92;  4.90,0.52; 17.03,1.48;  39.61,925;  838,042;  0.17,0.04;
0.85;0.15)r  0.83;0.17)r  0.83;0.17)x  0.76;0.24)x  0.86;0.14)r  0.85; 0.15)x
(692,710, (349352 (11351222, (71.52,71.99,  (5.86,588;  (0.18,0.18;
6.92,7.10; 349352,  11351222; 715271.99; 586588  0.18,0.18;
A5 (Telor) | 6350.67;  2.77,0.73; 9.19,1.88;  66.1421.16; 535058  0.19,0.10;
635067,  2.77,0.73; 9.19,1.88;  66.1421.16;  5350.58:  0.19,0.10;
0.88;0.12)r  0.88;0.12)x  0.88:0.12)ix  0.85:0.15)r  0.86;0.14)x  0.88; 0.12)ix
(625646, (250259,  (1138,11.80;, (28413394,  (6.60,6.66;  (0.44,045;
. 625646,  2.502.59;  1138,11.80; 28413394  6.60,6.66;  0.44,0.45;
(Petepay | 1091072 446040; 2002158 54521333 1145060 0840.13;
1091,072; 446040,  2002,1.58;  54.52,13.33;  11450.60;  0.84,0.13;
0.93;0.07)r  0.93;0.07)k  0.93;0.07)x  0.93:0.07)k  0.94;0.06)x  0.93;0.07)x
(817824, (3.073.09, (962990, (349487,  (7.17,727, _ (0.40,0.40;
& 8.17,824;  3.07,3.09; 9.62,9.90; 349487 7.17,727;  0.40,0.40;
(Bantang) | 12361350 SOL3B0 15271286 SSLTIT 10881169; 083055
1236,1351;  5.01,3.80;  1527,12.86; 551,717  10.88,11.69;  0.83,0.55;
0.93;0.07)r  0.93;0.07)k  0.93:0.07)x  0.91;0.09)r  0.94;0.06)x  0.93;0.07)x
Table 7: GTALRIFBV and GTrLRIFWV
C1 (DO) C: (BOD) C3 (COD) C4(SS) Cs (pH) Cs (AN)
(220252, (1189,12.98; (44484516, (71.52,71.99; (480482, (553,641
2.20,2.52; 11.89,12.98; 44484516, 71.52,71.99;  4.80,4.82; 5.53,6.41;
| 727152 2.37,7.70; 6.752720;  48.5821.16;  9.66,0.42; 1.19,3.48;
7.27,1.52; 2.37,7.70; 6.7527.20;  48.5821.16;  9.66,0.42; 1.19,3.48;
0.93;0.07)r  0.83:0.17)x  0.83;0.17)r  0.76;024)r  0.94:0.06)x  0.85;0.15)r
(8.17.8.24; (2.50,2.59; 062990, (349487, (117727, (0.09,0.11;
8.17,8.24; 2.50,2.59; 9.62,9.90; 349487 717,727 0.09,0.11;
7| 6531351 4.71,0.40; 1826,1.88:  29.607.17;  1.01,11.69;  0.52,0.04;
6.53,13.51; 4.71,0.40; 1826,1.88;  29.60,7.17;  1.01,11.69;  0.52,0.04;
0.85;0.15)r  0.93:0.07)r  0.93;0.07)r  0.93;0.07)r 0.86:0.14)r  0.93;0.07)r

Step 7: Calculate the values of S, and R, using Eqgs. (12) and (13) respectively, as shown in

Table 8.

Step 8: The values of S*, S°, R’, and R are determined using Eq. (14), as shown in Table

9.
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Table 8: List of S, and R,

Al(t;rir‘iil)ve A1 (Kim Kim) A2 (Sayong) As (Telor) A4 (Pelepah) As (Bantang)
(0.20,0.19; (0.79,0.77, (0.70,0.70; (0.82,0.82; (0.98,0.98;
0.20,0.19; 0.79,0.77; 0.70,0.70; 0.82,0.82; 0.98,0.98;

S, -1.12,0.40; -0.91,0.07; -1.47,0.28; -1.67,-0.02; -3.04,-0.24;
-1.12,0.40; -0.91,0.07; -1.47,0.28; -1.67,-0.02; -3.04,-0.24;
0.76; 0.24)Lr 0.76; 0.24)Lr 0.76; 0.24)Lr 0.76; 0.24)Lr 0.76; 0.24)Lr
(0.10,0.10; (0.19,0.19; (0.17,0.18; (0.19,0.19; (0.22,0.22;
0.10,0.10; 0.19,0.19; 0.17,0.18; 0.19,0.19; 0.22,0.22;
R, -1.54,0.14; -0.88,0.45; -0.90,0.39; -1.24,0.45; -2.06,0.41;
-1.54,0.14; -0.88,0.45; -0.90,0.39; -1.24,0.45; 0.76;  -2.06,0.41; 0.76;
0.76; 0.24)Lr 0.76; 0.24)Lr 0.76; 0.24)Lr 0.24)Lr 0.24)Lr

Table 9: Value of S°, S, R', and R~

Value of S°, S, R, and R~

N (0.20,0.19; 0.20,0.19; -1.12,0.40; -1.12,0.40; 0.76; 0.24)r
S* (0.98,0.98; 0.98,0.98; -3.04,0.00; -3.04,0.00; 0.76; 0.24).r
R (0.10,0.10; 0.10,0.10; -0.96,0.14; -0.96,0.14; 0.76; 0.24)Lr
R (0.22,0.22; 0.22,0.22; -2.06,0.42; -2.06,0.42; 0.76; 0.24)r

Step 9: Calculate the O, and rate the alternatives by the index Q, by using Eq. (15), as shown
in Table 10.

Step 10: Defuzzify the value of Q, to determine the ranking of preferable alternative using
Eq. (16), as shown in Table 11.

Table 10: List of O,

Alternati . .

(lizzzelrl)ve A1 (Kim Kim) A2 (Sayong) As (Telor) A4 (Pelepah) As (Bantang)
(0.00,0.00; (0.73,0.73; (0.62,0.64; (0.77,0.77, (1.00,1.00;,
0.00,0.00; 0.73,0.73; 0.62,0.64; 0.77,0.77, 1.00,1.00;

o, -6.40,-3.79; -10.56,-4.83; -9.98,-4.68; -12.93,-5.00; -19.73,-5.99;
-6.40,-3.79; -10.56,-4.83; -9.98,-4.68; -12.93,-5.00; -19.73,-5.99;
0.76; 0.24)Lr 0.76; 0.24)Lr 0.76; 0.24)Lr 0.76; 0.24)Lr 0.76; 0.24)Lr

Table 11: List of O, and rank for alternatives
Alternative A (Kim
(River) Kim) A2 (Sayong) As (Telor) A4 (Pelepah) As (Bantang)
0, 1.61 5.33 4.82 6.79 10.93
Rank 1 3 2 4 5
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Step 11: Using the double condition, compromised solution (A') by the index Q are

determined.
[Condition I]: Acceptable advantage.
By using Eq. (17),

0(4")-0(A4)=4.82-1.61=3.2120.25,
0(4A™)-0(A4)=533-1.61=3.72>0.25.

[Condition 2]: Reasonable range in decision making as shown in Table 12.

Table 12: Reasonable range in decision making

Reasonable Range Rank
Rank by O, A=A, - A - A~ A
Rank by S, A=A, = A - A - A
Rank by R, A=A - A, - A - A

The result shows that Condition 1 and Condition 2 are satisfied. Therefore, 4, is the solution.

Step 12: The minimum value of Q(A') indicates the best alternative. It is suggested that the

compromise solution is 4, owing to its closeness to the best alternative.

4. Discussion of Results and Comparative Analysis

The procedure of classifying river water pollution was challenging and complex due to the
numerous aspects that needed to be considered simultaneously, as well as the classification's
subjectivity and ambiguity. The five rivers used in this study have all been evaluated from
2019 to 2021. DO, BOD, COD, SS, pH, and AN are the criteria taken into account to classify
river water pollution. The preferable solution was ranked using a GTrLRIF VIKOR method
that incorporates the generalised trapezoidal L-R intuitionistic weighted average (GTrLRIF-
WA) aggregation operator.

Table 13: Comparison of proposed method with Water Quality Index (WQI)

GLRIF VIKOR Water Quality Index
Alternative (Ri

emative (River) 0, Rank WQI Rank Class

A1 (Kim Kim) 1.61 1 49.77 1 IV (P)
A2 (Sayong) 5.33 3 84.23 3 I1 (C)

As (Telor) 4.82 2 84.18 2 11 (C)

A4 (Pelepah) 6.79 4 84.44 4 I (C)
As (Bantang) 10.93 5 93.69 5 I1(VO)

Order A=A -4, = A, - A A=A~ A=A, - A

According to the values of Q,, the polluted river water in ranked is Kim Kim River (4;),

Telor River (43), Sayong River (4:), Pelepah River (44), and Bantang River (45). The result of
the proposed method has been compared with the Water Quality Index (WQI) method used by
Malaysia in Table 13. It shows that for GTrLRIF VIKOR and WQI methods, the Kim Kim
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River is the most polluted river, while the Bantang River is the cleanest river. The result also
shows the same rank of river water pollution using the proposed method and classical WQI.
However, unlike the classical WQI method, the proposed GTrLRIF VIKOR method
incorporates fuzzy theory to better handle uncertainty and imprecision in river water pollution
assessment. It utilises linguistic terms and considers both membership and non-membership
functions to represent the degree of truth and falsity, enhancing the depth of the evaluation.
Additionally, the GTrLRIF VIKOR method integrates a confidence level, which makes the
evaluation more reliable. The classical WQI method is a single-valued method that does not
take into account the confidence level in evaluating the data. This can lead to inaccurate
results, especially when the data is uncertain. This makes the proposed GTrLRIF VIKOR
method more flexible, adaptive, and practical, especially when dealing with uncertain
environmental data.

Table 14: Result of river water pollution using fuzzy complex index method

Alternative Class I Class II Class 111 Class IV Class V
(River) (Very Clean) (Clean) (Slightly Polluted)  (Polluted) (Very Polluted)
A1 (Kim Kim) 0.0632 0 0.2194 0.4358 0.2816
A2 (Sayong) 0.7795 0.2019 0 0.0186 0
As (Telor) 0.9247 0.0319 0 0.0434 0
A4 (Pelepah) 0.3645 0.5807 0.0548 0 0
As (Bantang) 1 0 0 0 0
Order A=A, = A, - A, - A

In addition to the comparison with the WQI method, the GTrLRIF VIKOR approach was
also evaluated against another fuzzy-based method, the Fuzzy Complex Index (FCI). This
comparison provides deeper insights into the relative performance of fuzzy decision-making
frameworks under similar conditions. Table 14 shows the result of river water pollution using
FCI method. For FCI method, each alternative is assigned to a pollution class based on the
highest membership value. Accordingly, the order of river water pollution is Kim Kim River
(A1), Pelepah River (44), Sayong River (4:), Telor River (43), and Bantang River (45). The
results also show that the Kim Kim River is the most polluted river, while the Bantang River
is the cleanest river, which is consistent with the findings obtained using the proposed method
of GTrLRIF VIKOR. This alignment further supports the robustness and reliability of the
fuzzy-based approaches in assessing river water quality under the given criteria. However, the
proposed method of GTrLRIF VIKOR offers an additional advantage by incorporating the
confidence level to explicitly quantify the uncertainty, providing a more robust representation
to cater the problem of uncertainty with a more reliable evaluation. In contrast, the FCI
method integrates multiple dimensions of information to form a comprehensive decision-
making framework based on the principles of fuzzy relation, that consider the inherent
uncertainty in real-world data. The findings of this study highlight the critical need for
immediate attention and targeted intervention in managing the water quality of the Kim Kim
River, as it emerged as the most polluted among the rivers evaluated.

The Kim Kim River's polluted water is caused by a variety of factors. Chemicals like
methane, hydrogen chloride, acrylonitrile, acrolein, benzoene, xylene, and methyl mercaptan
were exposed because Kim Kim River was located in an industrial area with heavy industries
like shipbuilding, petrochemical manufacturing, logistics and transportation, and oil palm
storage and distribution (Ismail et al. 2020; Yap et al. 2019). The Kim Kim River became
famous in 2019 due to the water pollution incident that affected over 1000 people, and 209
people were hospitalised while 111 schools near the river were subsequently closed
(Shamsuddin et al. 2019). This is due to the 2.43 tons of chemical waste dumped into the Kim
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Kim River that caused river pollution and led to serious water pollution, which consisted of
Ethyl Benzene, Toluene, Xylene, D-Limonene, and Benzene (Department of Chemistry 2019;
Hussein 2019). Bantang River became the cleanest river since it is located away from the
industrial area; hence the river is used for Forest Eco Park. Based on the aquatic insect
composition and WQI value, the Bantang River provided an appropriate physical and
chemical variable (Zakaria & Mohamed 2019). The good water quality of the Bantang River
is a testament to the importance of protecting Malaysia’s rivers from pollution.

Based on the aggregated river data (Table 6), the DO at Kim Kim River is too low due to
the industrial wastewater discharge, especially in 2019 and 2020. DO in rivers reflects the
breathing of aquatic life (Zhi et al. 2021). The changes in DO concentration in the river can
affect the BOD and COD in the river water, as shown in the Kim Kim River dataset. The high
concentration of BOD and COD at Kim Kim River is also due to the industrial wastewater
discharge containing organic materials. The relative presence of organic contaminants in
water is determined by the COD, which is a frequently used measure for environmental
monitoring and impact assessment (Parsimehr et al. 2018). Besides that, Kim Kim River also
has a high concentration of AN due to the discharge of wastewater from the fertiliser industry
near Kim Kim River. Abdullah et al. (2023) stated that animal waste and sewage are the main
causes of AN, whereas garbage is the main cause of high BOD. Contradicting to the Bantang
River, the cleanest river in this study, the concentration of SS is the lowest, and the pH value
is the highest due to the strategic location of the Bantang River, which is located away from
human activities, leading to higher biodiversity and natural decomposition. These findings
underscore the critical importance of understanding and managing the various sources of
pollutants in rivers to safeguard water quality and ecological balance.

In 2018, The pH value of tap water samples from Pasir Gudang, which is near Kim Kim
River was analysed by Nurani Zulkifli et al. (2018). Comparisons were made between the pH
value and the standard range of 6.5 to 8.5 for tap and drinking water as recommended by
DOE Malaysia. The measured values exhibit significant variation within the pH range of 6.00
to 8.65. The industrial activities in the vicinity of Kim Kim River have considerable
ramifications not only on its water quality but also on the surrounding areas, highlighting the
urgency for stricter regulatory measures and sustainable practices to mitigate these
environmental impacts.

Therefore, a key policy priority should be to plan for the long-term care of river water for
future generations. To guarantee the sustainability of Malaysian river water today and in the
future, several issues must be addressed. DOE Malaysia should invest in green technology for
remote sensing and monitoring to help identify real-time pollution sources, track changes in
water quality, and enable prompt responses to pollution incidents. The government also needs
to formulate stringent pollution control regulations and spread awareness campaigns to ensure
that industries and communities adhere to strict waste disposal and wastewater treatment
standards. Hence, prioritising the comprehensive and sustainable management of Malaysia's
river water resources is critical for the well-being of present and future generations.

5. Conclusion

Classifying river water pollution is important to environment and human health because it
allows us to identify and mitigate potential risks, implement targeted pollution control
measures, and safeguard both aquatic ecosystems and the well-being of communities that
depend on these rivers for various purposes. The GTrLRIF-WA aggregation operator was
therefore incorporated into this study's new GTrLRIF VIKOR method to classify river water
pollution for a number of rivers in Johor, Malaysia, including the Kim Kim, Sayong, Telor,
Pelepah, and Bantang River, from 2019 to 2021.
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The evaluation process to classify river water pollution consider DO, BOD, COD, SS, pH,
and AN in it. The findings show that, in comparison to the other rivers, the Kim Kim River is
the most polluted. According to the values of Q, the polluted river water ranked is Kim Kim
River, Telor River, Sayong River, Pelepah River, and Bantang River. By implementing this
approach to a broader range of rivers in Johor, Malaysia, this study has not only identified the
most polluted river but also created a valuable approach for a comprehensive and effective
means to assess and categorise river water pollution.

The results were also compared with those obtained using the classical WQI method by
DOE Malaysia and the Fuzzy Composite Index (FCI) method. Across all methods, the
findings consistently indicate that the Bantang River has the cleanest water, while the Kim
Kim River is the most polluted. Additionally, the results of the proposed method and
traditional WQI methods have the same rank of polluted river water. The level of confidence
is taken into account in the proposed GTrLRIF VIKOR method. Given that, it has the
advantage of offering a comprehensive analysis of data uncertainty, with a better
representation of the human evaluation process attributable to the usage of membership and
non-membership functions. Furthermore, adding confidence level values will add another
layer of data to assess the decision-makers' judgemental behaviour. The study's findings
demonstrated how well GTrLRIF VIKOR classified river water pollution.

The primary contribution of this research lies in the development of the arithmetic
operation and the aggregation operator of GTrLRIFNs along with the successful application
of the GTrLRIF VIKOR method as a comprehensive decision-support tool for water quality
assessment. Its ability to handle uncertainty and linguistic information makes it especially
useful for environmental decision-making where expert judgment plays a critical role.
Furthermore, this approach can be extended to other environmental or decision-making
domains beyond water quality assessment.

Despite its strengths, the study has several limitations. The data were limited to five rivers
in one Malaysian state and only covered a three-year period. Additionally, the method
depends heavily on the decision-maker, which can introduce subjective bias. Lastly, the
current framework does not incorporate real-time or continuous monitoring data, which could
further enhance its applicability in dynamic environments.

Future research could focus on expanding the geographical scope of the study, integrating
real-time sensor data, and automating parts of the decision-making process through Al-driven
techniques. Moreover, comparative studies with other advanced multi-criteria decision-
making (MCDM) methods could further validate and refine the proposed framework.

The findings of this study can be used as a basis for future resource allocation and targeted
pollution management strategies to enhance water quality, preserve aquatic ecosystem health,
and enhance the welfare of communities that depend on these rivers. It emphasises the
importance of proactive environmental management to ensure the long-term sustainability of
these vital water resources. Therefore, GTrLRIF VIKOR is an appropriate method to address
the problem of river water pollution and can be applied in any other field due to their
extensive benefits.
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