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COEFFICIENT ESTIMATES FOR CERTAIN CLASSES OF ANALYTIC
FUNCTIONS INVOLVING THE EXTENDED ¢-FRACTIONAL OPERATOR

(Anggaran Pekali bagi Kelas Fungsi Analisis Tertentu Melibatkan Perluasan Pengoperasi Pecahan-q)

AREEJ ALOMAR, MASLINA DARUS* & KHALID M. K. ALSHAMMARI

ABSTRACT

In this paper, a new extended g¢-fractional operator using the convolution of the Al-Oboudi
differential operator with the g-fractional integral operator J*" f (z) is introduced. The g-
fractional integral operator J*7 f(2) was recently defined and many new results are yet to be
studied. From this extended operator, the coefficient problems involving the second Hankel
determinant H3 f(z) and the Fekete-Szegd theorem are solved.

Keywords: analytic function; Hankel determinant; Fekete-Szego theorem; quantum calculus.

ABSTRAK

Dalam kertas kerja ini, suatu perluasan pengoperasi pecahan-q baharu menggunakan konvolusi
pengoperasi pembeza Al-Oboudi dengan pengoperasi kamiran pecahan-g J,*7 f(z) diperke-
nalkan. Pengoperasi kamiran pecahan-¢ 77 f(2) ini adalah yang terkini ditakrif dan banyak
hasil baharu yang masih belum dikaji. Dari perluasan pengoperasi ini, anggaran pekali meli-
batkan penentu kedua Hankel H2 f(z) dan teorem Fekete-Szego diselesaikan.

Kata kunci: fungsi analisis; penentu Hankel; teorem Fekete-Szego, kalkulus kuantum.

1. Introduction

Let A denote the class of normalised analytic functions f of the form
o0
f(2) zz—i—Zakzk (z € U). (1)
k=2

Further, we denote by S the subclass of A consisting of functions of the form Eq. (1), which are
also univalent in U.

In geometric function theory, g-calculus has been extensively used to deal with properties
of certain classes defined in a specific domain. We provide here some essential definitions of
q-calculus as given by Jackson (1909) and Aral et al. (2013), that is

f(z) = flaz)

94f(2) = A1—q)

(z#£0,2 € 0),
and

/Oz f(t)aqtzz(l—q)zqkf(zqk)’ g€ (0’1).
k=0

Now when k = 1,2,3,... and z € (0, 1), we can see that

Oy {Z akzk} = Z[k‘]qakzk—l

k=1 1
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where

[0]¢ = 0.

For any non-negative integer k, the g-number shift factorial is defined by:

1 k=0
[Klq! = {[l]q[2]q[3]q - klg E=1,2,3,....

In the past, many researchers studied generalised differential and integral operators and
solved many interesting problems in univalent function theory. Here we will consider the well-
known differential operator introduced by Al-Oboudi (2004) and the g-fractional integral oper-
ator given by Srivastava et al. (2023a). The definitions are given as follows:

Definition 1.1. (Al-Oboudi 2004) The Al-Oboudi differential operator is defined as follows:
D f(z _z+Z1+ §]"apz®, 0<d6<1, neNy=NU{0}

Definition 1.2. (Srivastava et al. 2023a) The ¢- fractional integral operator is defined as follows:

o0

ar k+7—1 |/ Tk+1)(a+2)
RIS ]; k=1 T(k+1+a)

where 7 > 0, > 0,I'(k+1) = k! = kI'(k) , and [k+7—1],! = [k+7—1]4[k+7—-2],...[1]4

Now we introduce a new extended g-fractional operator defined by the convolution of the
differential operator with the ¢-fractional integral operator, as given in Definition 1.1 and Defi-
nition 1.2, respectively. We get our new g-fractional operator as follows:

Definition 1.3. Let f(z) = 2 + > 72, axz" belongs to the class A. Then

s [(2)=JFTDEf(2)
= J"" D¢ (z + Z akzk>
k=2

k+7—1],T'(k+ 1 +2)
[T]4![k — 1],/ T(k + 1+ )

oo
:Z+
k=2

[1+ (k—1)0]"akz", 2)

where 7 > 0,aa>0, 0<¢g<1l, 0<6<1 and n=0,1,2,....

In this work, we are considering the problems of Hankel determinant and the Fekete-Szeg6 the-
orem. First, we will solve the Hankel determinant. Before that, we take a brief look at the
Hankel determinant.

Noonan and Thomas (1976) introduced the function defined by Eq. (1) and provided the
definition of the corresponding Hankel determinant as follows:

ap an+1  *** OGpig-—1
Gn+41 an42 - Gn+q
Hq(k> = det . . .. . )
An+q—1 Qn4q - OGn+42g—2
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where the second Hankel determinant for ¢ = 2 and k& = 2 is defined by:

as a
Hj(2) = det (ai ai) = |agay — aj|.

The study of this determinant has attracted significant attention from researchers such as El-
haddad and Darus (2020), Alshammari and Darus (2023), Srivastava et al. (2018), and Abubaker
and Darus (2011). The sharp upper bounds for a second Hankel determinant of a class of ana-
Iytic functions defined using the g-analogue of Ruscheweyh operator were studied by Aldweby
and Darus (2014).

Thus, here we derive an upper bound for the second Hankel determinant of functions be-
longing to the new class S(q7 7,9, n) defined below.

Definition 1.4. Let f be given by Eq. (1). Then f € S(q, 7,9, n) if it satisfies the inequality

R {aq ( g;gv”f(z))} >0, zeU 3)

where M7 f(2) is the new extension g-fractional operator defined in Eq. (2).

This class extends the family of functions with derivatives having a positive real, which was
previously investigated by Macgregor (1962) and Janteng et al. (2006).

2. Preliminary Results

Let v be the family of all functions p analytic in U for which {p(z)} > 0, and p(z) =
14+ciz+c2’+..., forzel.

Lemma 2.1. (Pommerenke & Jensen 1975) If p € v, then

2
<2-lal

_d
2|~ 2

C2

Lemma 2.2. (Duren 1983) If p € v, then |c,| < 2 foreach k € N and the inequality is sharp.

Lemma 2.3. (Libera & Zlotkiewicz 1982) Let the function p € v be given by the power series.
Then

1
2 =5 +a(d—c)

for some z,|z| < 1, and

1
c3 = Z(ci’ +2(4 — e —e1(4 — )2 +2(4 — (A — |z]?)2).

for some z, |z| < 1.

3. Main results

Our first result of Hankel determinant is contained in the following theorem.
Theorem 3.1. Let f(z) € S(q,7,0,n). Then

9 n 4
2[2],[4lghahs  [3)203

|azay — a3| <
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where
1 20 (e + 2) n
h2 = W[T+ ]qm[l +6} s
1 3+ 2) n
hs = Wq![f +2]4[m+ 1]qm[1 + 26]",
and
| AT (a4 2) "
hy = @[T + 3]4[7 + 2]4[7 + qu[l + 340"

Proof. Since f(z) € S(q,,d,n). Then, from Eq. (3), there exists a function

p(z) =1+p1z +p222 +p323 +...inv
such that
Og(My 5" f(2)) =p(z) forall zeU.

This implies that

8, <z+ﬁ2a222 + hgasz® + hyasz* +) =14piz+p®+p3z+...,

that is

Oq(2) + ﬁgagaq(,z)) + ﬁ3a38q(z3) + B4a48q(z4) 4o =14prz+pt +p3d+ ..,
and yields

1+ [2),hoagz + [3]ghsasz® + [Aghaasz® + - =1+ prz 4+ paz® + p32® + ... .

Upon comparing the coefficients on both sides of this last equation, we are led to the following
three equations:

b1
= —, 4
a 21, “4)
b2
= —, 5
as 3los ©)
b3
= —. 6
“ [4]qh4 ©

Now, by applying Lemma 2.2 and Lemma 2.3 to Egs. (5) and (6), we obtain

1 } 2 0 (4 — 2
as = [B]qug (2(191 + x(4 p1))>
. 1 2 (4 — p2
= 2[3](2% (Pl + (4 pl))
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and
1 1
ag = ———2 (01 +2(4 = p)prz — pr (4 = p)a® +2(4 = p}) (1 — |2]*)2)
[4]qh4
1
= ——— (P} +2(4 — p)prz — pr(4 — p})2® +2(4 — p}) (1 — [z]*)2) .
4[4] 44
Therefore,
b1 3 2 24,.2 2 2
— | ———(p] +2(4 — p])p1x —p1(4 —p7)x” 4+ 2(4 — p7)(1 — |2|7)=
s G, (200 =i == e 204 =)0 = fof)2)
a2a4—03‘ = ( 1 ( 9 (4 2)))2
- —|\p1 T z(4—p1
2[3]qh3
1
ﬁx
4(2]4[4]gh2ha

=| {(pl+20}4—ph)z — A —p})2® +2p1(4 = p}) (1 —|2*) 2) }|.

1 4 2 2 212, 2
— — ip; +2p7(4 —pl)x + (4 — p7)°x

Without loss of generality, we can assume that p; = p and p € [0, 2], this implies that
1 { 4 2 2 2 2\, 2 2 2
o P T2 pt)e = pt(4 = pT)at 4+ 2p(4 —p )(1— ] )Z}
4[2]4[4)gh2ha

2
CLQCL4—Q3‘ = 1
{p4—|—2p2(4—p2)x+(4—p2)2:€2}

A[3]203

By using the triangle inequality, we find for ¢ = |x|; |z| < 1 that

2 1 4 2 2 2 2\ 2 2 A2
lagay — a3| < ERT {p* +2p*(4 —p*)C +p°(4 = p*)* + 2p(4 — p*)(1 = (*) }
1 4 204 .2 L 2\2,2
+4[3]%§{p +2p*(4 —p*)C + (4 - p?)*¢°} .

If we denote the right-hand side of this last equation by E(p, ¢), we obtain

E(p.Q) = m ' +20°(4 = )¢+ p°(4 = )¢ + 2p(4 = ) (1 - ()}
1
+ e {p* +2p*(4 = p*)C+ (4 = p*)*C*} 5 (p,¢) € [0,2] x [0,1].

We need to make use of the derivative test to maximize the function E(p, {) in the rectangular
region [0, 2] x [0, 1]. Thus,

8E_; 24 2 200 2\ _ 2
00 el iy TP ARG
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204 2 232
+4[3]353 {2p°(4 — p*) +2(4 — p*)*¢} > 0.

Then we conclude that

max E(p, () = E(p,1) = T(p).

0<(<1
Therefore
1
T(p) = —————— ' +20*°(4 —p*) +p*(4 — p?)}
4[2]q[4]gh2hy
+ —{p*+ 2024 —p*) + (4 —p*)?}, pelo,2].
4[3]%?2){ ( )+ ( )%} [0,2]
1
=————{p* +3p*(4 - p?)}
4[2]4[4]qhohy
1
+———{p' +2p°(4 - p*) + (4 — p*)*}.
4[3]2h3
Thus,
1
Y (p) = ——————{4p® + 6p(4 — p°) — 6p°}

4(2]4[4]gh2ha
{4p° + 4p(4 — p*) — 4p° — 4p(4 — p*)}

e
A[3]5h3

1
= ——{24p — 6p” — 2p°}
420, [4 o
1
= ——{24p — 8p°}
4(2]4[4]gh2hy
1
= ——8p{3 —p’}
4(2]4[4]gh2ha

However, the function Y(p) increases within the interval [0, /3] and decreases within the
interval [v/3, 2]. Therefore, we conclude that Y (p) has its maximum value in the interval [0,2]
when p = /3. We can eventually have

|lasas — a3| < E(p, ()

< E
= 0<c 2l 0gp<n (<)

=E(V3,1)
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1
+ —
4[3]2h3

1
= {9+6(1)+3(1)}+ .
4[2]q[4]qh2h4 4[3]2}%

18 + 16
4[2]g[4]ghahs  A[3]203

9 4

T+ 272"
2(2)4[4]ghoha  [3)203

{(VB)' +2(v32(4 - (VB) + (4 - (VB2

{9+6(1) + (1)%}

Hence, the result is obtained. []

Next, we give our second result that is on the Fekete-Szeg6 theorem. It is well-known that
the Hankel determinant, when ¢ = 2, k = 1 and a; = 1, we have the Fekete-Szego functional:

ar @
Hj(1) = det (a; a§> = |ajaz — a3|.

This problem has been extensively researched and is still a significant and active study area
in classical complex geometry. For an overview of its history, see the papers by Issa and Darus
(2023), Srivastava et al. (2023b), Darus and Thomas (2000), and Cho and Owa (2003). We now
define the following class to get our result.

Definition 3.2. Let f(z) = z + > ;0 apz® ar > 0, € TRi";’g(ﬁ,y) where, 0 < X < 1,
0<g<l1l 0<6<1l,a>0,7>0, >0, 0<~vy<1l,andn =0,1,2,... . If there
exists a function ¢ € A, then

o,mn ) Ma,'r,nf
i (AN g

arg | (1 —=X)

where, M;"g’" f(z) is the generalised g-fractional operator that we introduced in Definition 1.3,
and ¢(z) = z + baz? + b3z + ... is analytic and satisfies the requirements

arg <¢(Z) < — (8)

¢(2) *n(2)

for the functions ¢(z) = z + Y oo, ox2* and n(2) = z + > o2, (12", both are analytic in U
and ¢(z) *n(z) #0, o >0, (x >0, and o}, > (. (kK > 2).

Note that, by substituting m = 7 = 0, with ¢ — 1— into the Definition 3.2, the class
TR‘;:;’;(/B ,7) represents the set of strongly a-close-to-convex with order equal 3 defined by

Darus (2005).
The Fekete-Szego problem for the class given in Definition 3.2 is given as follows:

Theorem 3.3. Let f(2) = z+ag2*+azz+-- -, be a function in the class TRY'7'5 (8, ) where
0<A<1,0<¢<1,0<6<1,a>0,7>20,8>0,0<y<1,andn=0,1,2,....
If% < u, and

. Uy J3 (e +2G) + V]
J4Us [/UJU3J4 — 2VU22J§ — 2,U,VU3J4J§ + (6 + 2(2) + VU%J;}] ’

1
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where p(vUsJy — 20U3JsJ3) — [20U3J3 — (e + 2¢2) —vU3J3] >0, Us = 1+ ([2] — 1)\,
Us =1+ ([3]g — 1)\, v = 03 — (3 and € = o3 — (a. Then the sharp inequality is obtained as
follows

4871 (1+ (8] = DA) (68 +27) g — 28 (1+ (2l — DA (Be3 +29)
J3 s (1+ (2, = DA (1 + (B, — DA
292 {204 (14 ([8)y = DN v = Jele +262) (1 + (2, — DA’}
Jawe (L+ (12l = DA (L+ (8], = )N

las — paj| <

+

Y

where J3 = [T + 1}q2!rr(&ofz,§) [1+6]"and Jy = [ }1(1! [T+ 2]4[7 + 1]q31!ﬂr(£éof;j) 1+ 26]™.

Proof. Since f(z) belongs to TR?;?(B 7), from Eq (7), there is p(2) = 1+ p12+paz®+.. .,
where p(z) € vand ¢(z) = z + baz? + b3z + - - € A such that

(L= NMET"F(2) + A2, (M F(2)) = 6(2)0° (2),
which imply
M Az +asdsz? +agdyz + -}
+ Az {1+ [2)ga0 T3z + [3]gazJaz? + - }
= (z+b2z + b32® +-) (1+p1z+p2z2+p323+---)6.

By expanding the given expression, we obtain

2

Therefore,
(=N + A 2+ {(1 = N5+ [2Ms} a2+
{(1 = N)Jy+ [3]Ma}azz® + - -

2
:z+{p15+bg}22+{plﬁbg+ﬁp2+ <ﬁ2 g) pf—kbg}z?’—i-

By matching the coefficients in the final equation, we may deduce
{1+ A([2]g — 1)} Jza2 = p1B + b2, )

and

2
{1+ X([3]g — 1)} Jaas = p18b2 + Bp2 + <ﬁ — g) p3 + bs. (10)

Furthermore, from Eq. (8), we may conclude that there is a function in v, denoted as £(z) =
1+ &2+ &2 + €323 + -+ -, such that

O(2) * ¥(2) = (o(2) *n(2))¢7(2),
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and
(z4boz? + 0322+ ) x (2 + 0022 + 0328+ 1)
={(z4+b2® + 032>+ ) x (24 G2+ G+ )L+ &z + &2+ &85 +-0),
Therefore,
2+ byogz? + byogz® -0 = {z+b2(gz2 + b33z + - }
{1+7§1Z+<7€2+<§—> 51) }
+ (&7 + Gabo)2” + <§1’Yb2C2 + 72 + (722 - > &+ Cgbg>

By equating the coefficients in the last expression yields

booy = &1y + (abo.
Hence,
by = &%6—02—@>0. (11)

Furthermore,

2
bzoz = E1vbaCe + vE2 + <2 - ) & + G3bs

72 v
b3o3 — (3b3 = §17b2C2 + &2 + 35% - 55%
(03— (3)b3 = (5152C2 +&+ %5% - ;5%)

vbs = §17C + & + 51 ff)

v &+ & C2+;§%—2§%>

(6f
(

) <§2+51 <”<2+”—;))
(

2
(& +& <7€<2+26—2€€>>

This implies that

53:Z{§2+<7(6+§§2)—6> gg}jyzgg_gg_ (12)

From Eqgs. (9)-(12), we get

1 &)

AN, =015t (13)

a9 —
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and

1
FEDY(E A

2 _
{£1p157+ﬁ +<5_§> p%+7<€2+<7(6+252)5>g>}, (14)
1% 2€

az =

Using Egs. (9)-(14), we obtain the required result as shown below:

e — a2 — Br&ip1 Bp2 . 5pi
PR B, - DM U ABL - D3 2{1 Bl - D

B Bt N 62 e+ 2G)E}
20+ A([Blg = D}s - v{1+MBlg = D}a  2e0{1 + A([3]g — 1)} 4

B veéi B ppis° B 20y p1
2e{1 + A([Blg = D} {1+ A([2]g = D25 e{l+A([2]g — 1)}2T5

B e
{1+ (2], — 1}2J3

5P2 Bpi }
{14+ X3l — 1)} s 2{1+)\([3]q— 1)}y
’Y§2

QEST }
v{1+ X([3], — 1}y Qey{l + A([3]lg — 1)} Ja

+

—+

Bv&m 2uyBE1p1 }
{1+ )\ “ DM {1+ A(2]— 1)J2I2

e+ 2(2 61 a3t }
261/{1 2Bl - D} {1+ (2], — 1)}2J2

+

-

{ 2
{2{1 (B, - DY {1+ A(/[w]lﬁ— 1)}2J§}
{

g

that gives

B B p v i
= = A, = D {”2 - } VARl - D {’52 - }

ey {{1+A<[2Jq — 1)}2J2 — 2 {1 + A([3) — 1>}J4}

PEU 20 A (Bl — DHI+ A2, — V)23,
{14+ A(12]g — 1D}2J2 — 20{1 + A([3], — D} s

T { {1+ A(Bla — DHL+ A2y — )72, }

(e +26){1 + A([2)g = VY23 — 200{1 + A(3g — D}
s { 2T+ A Bla = DL+ M2y = V1227, } (1

Here, we estabhsh the proof using the approach suggested by London (1993). Assummg
that ag — pa3 remains positive, we use equation Eq. (15) and substitute &; = 2re? and p; =
2Re® 0<r<1,0<R<1,0<0<2rand0 < ¢ < 27. Consequently, we obtain at the
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following result:

B P% Y &1
TEDYED —1>}J4Re{”‘2}+v{1+x<[31q—1>}J4 {52‘}
5 { {14+ A(12]g — 1)}2J2 — 2041 + A([3], — D}y } Res?
2{1+ A([38]g — 1)H1 + A([2], — )}2J3 4 '
{14+ A(2]g — 1D}2J2 — 2u{1 + A([3], — D}y

o { T+ Al — DI+ A2y — D)2 }Re&pl
2 {e(e +26) {1+ A([2)g — D22 — 2u0{1 + A(3], - >}J4}Re§2
20 {1+ A(Blg — D1+ A(2], — 1)}2J2] a

Re(ag #02)

Thus by referring to Lemma 2.1, we have

Re(az — pad) =

T @2} T |§2|2}
o o, Af[i’%éajbih}w
Pl
(A Ao g

Hence,

25 2
Re(ag — pua3) < {1 PR e y(c T AU

{{1 + (2, — 1 }2J3 —2u{1+ X([3]; — 1)} Ja
{1+A JHL +A([2lg — 1)}2J5 4

} R2%c0s20

{1;?“ _1}ij{IiMA{(HA([11}2J3)}J4} rhicos(p+6)
o
0 S, o)
ol

R b e ey = o A

L ™1 RO ey -y T E ()

1 4By

28
SR TESY(E

Ha

Letting A, /3, and p be fixed, and computing the partial derivatives of H (r, R) with respect
toboth » and R when A < 1, 8 > 1 and i > 1, we determine the sign of H,.. Hrr — (HTR)Q,
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as shown below:

HT'THRR - (HTR)2 =

{ 4y 42<MH1+MBM—DUr+@+%ﬁU+A@b—UP@)}
TSP 7 DL+ ARl — DML A2, — D)2

43 20{1 + A(Bly — D)} — {1+ M2y — D22
X{{L+MBM—DLM+4@< {1+MBM—DH1+MDM—1HU%M3>}

2u{1 + A([3], — D}Ja — {1+ (2], — VY23 °
‘mﬁ${ 41+Mmqlﬂﬂ+A@MUP@h3}

this implies

Hy Hpr — (Hyr)® =
1675
AL+ (B, — D23
16782(20{1 + M([3], — D}a — {1+ A(2), - 1)}2I3)
AT+ (Bl — DI+ ARl — )23
1692812 {1 + A(Bly — D)}a — ele + 2){1 + A([2), — DI23)
ve {1+ A([3], — DL+ A([R2], — )23
1692 82{2u {1+ A([3]y — 1)}Ja — e(e +26) {1 + A([2]y — 1)}2J2}
{201+ A(Bly — D}a — {1+ A(12g — VY23
ve {1+ A([Bly — DL+ A([2], - D123
2 o [ 2041+ A([8lg — D}a — {1+ (2, — DI
‘mﬂV{ AT ABly = DI+ A2, — D)I273s }

< 0.

As a result, the function H(r, R) reaches its maximum value at the boundary of the unit
disk. Therefore, our inequality comes from the observation that

H(r,R) < H(1,1)
_ﬂy{mu+mmf4»a—u+mmrwmﬁ}
- {1+ Al — DI+ ARl - D23,
2{1+ M3y — D}Js — {1+ A(2), - D)3
*“”{ dl+MMf4Hﬂ+A@h—DPﬁh3}
+22{mwﬂ+A@b—Dwrw&+%wﬂ+A@b—DPﬁ}
! v {1+ M(Bl, — DHI+ A2l - D}2J3

26%{2u{1 + A([8]g — D)}a — {1+ A([2] — D}?J5}
_ B2 {1 + A([Blg — D}a — {1+ A([2] — D}?J5}
{1+ A8l = DHL + A2l — 1)}*73 4
22 {2W{1 + A([Blg — D}Js — e(e + 26){1 + A([2]g — 1)}*J3 }
ve {1+ A([3g = DHI+ A2y — 1)} J3
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4B%ep{1 + A([3]g — 1) }Ja — 26%{1 + A([2], — 1)} 3

8By {1+ A([Blg — D}a — 4B9{1 + (2] — 1)}*J3

Bl {1+ A([Bl; — DH1+ A([2] — 1)}2J5J4

292 {2/u/{1 +A([Blg = D)} Ja — e(e+2¢){1 + A([2], - D} T3 }
ve2 {1+ A([3], — H1L + A([2], — 1)}2J5 s

4By {1+ AM([3]g — D} (eB + 29) — 2B{1 + A([2], — 1)}*(BeJ5 + 2v)

a {1+ A([3lg — DHLI+ A([2]g — 1)}2I5 Ty

+ 29 {2W{1 +A([Blg = D}Ja — e(e+26){1 + A([2], - D} T3 } _
ve2 {1+ A([3], — DHL +A([2]g — 1)}2J5 s

By letting ¢ — 1— and settingn =7 =0, & = p; = 2¢ and & = py = —2 in Eq. (15), we
obtain the equality. [

4. Conclusion

In this study, we introduced a new operator that extends the classical framework of the univalent
function theory. Through this operator, we have successfully generalised the upper bounds of
the Hankel determinant. In addition, we have expanded the Fekete-Szegd inequalities. For
future work, we may explore the implications of our results in special functions and investigate
the possibility of identifying new properties related to the extended g-fractional operator.
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