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ABSTRACT

The energy of a graph is calculated as the sum of the modulus of eigenvalues of an adjacency
matrix for a graph. The Laplacian energy refers to the eigenvalues of the graph’s Laplacian
matrix. In graph theory, the co-prime graph of a group is a graph where the vertices represent
the elements of a group, and two distinct vertices are connected if and only if their orders are
relatively prime. This study is then extended to the relative co-prime graph of a group, where
the vertices are the elements of the group, and two distinct vertices are adjacent if and only if
their orders are co-prime and any of them is in the subgroup. By using the definition of the
relative co-prime graph of a group with respect to a subgroup, some graphs of symmetric group
of order six are constructed. Some energies and Laplacian energies of the relative co-prime
graph related to the symmetric group of order six are also obtained.

Keywords: adjacency matrices; energy; Laplacian energy; relative co-prime graph; symmetric
group

ABSTRAK

Tenaga graf dikira sebagai jumlah modulus nilai eigen bagi matriks bersebelahan untuk graf.
Tenaga Laplacian merujuk kepada nilai eigen bagi graf matriks Laplacian. Dalam teori graf,
graf ko-perdana bagi suatu kumpulan ialah graf di mana bucu-bucu mewakili unsur-unsur bagi
suatu kumpulan, dan dua bucu yang berbeza adalah bersambung jika dan hanya jika peringkat
bagi unsur-unsur berkenaan adalah perdana secara relatif. Kajian ini kemudiannya diperluaskan
selanjutnya kepada graf ko-perdana secara relatif bagi suatu kumpulan, di mana bucu-bucu
adalah unsur-unsur bagi suatu kumpulan, dan dua bucu yang berbeza adalah bersebelahan jika
dan hanya jika peringkat bagi unsur-unsur berkenaan adalah ko-perdana dan mana-mana antara
kedua-dua bucu ini ada di dalam subkumpulan. Dengan menggunakan takrifan bagi graf ko-
perdana secara relatif bagi suatu kumpulan, beberapa graf kumpulan simetrik peringkat enam
dibina. Beberapa tenaga dan tenaga Laplacian bagi graf ko-perdana secara relatif yang berkaitan
dengan kumpulan simetrik peringkat enam juga diperoleh.

Kata kunci: nilai eigen bagi matriks; tenaga; tenaga Laplacian; graf ko-perdana secara relatif;
kumpulan simetrik

1. Introduction

Gutman (1978) established the framework for the concept of energy in graph theory, sparking
extensive research into this fundamental idea. Alimon et al. (2018) computed the energy of
commuting graph, non-commuting graph, conjugate graph, and conjugacy class graph of certain
metacyclic 2-groups. In the same year, Mahmoud et al. (2017b) obtained the energy of the non-
commuting graph of dihedral groups. The authors subsequently derived a general formula for
the energy of the corresponding graph.
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Gutman and Furtula (2017) provided the basic facts on graph energies, for historical and
bibliographic data. Estrada and Benzi (2017) highlighted an explanation and proved that the
energy of any graph, whether bipartite or not, is expressed as a weighted sum of the traces of
even powers of its adjacency matrix.

Ahmad Fadzil et al. (2018) determined the energy of the conjugacy class graphs for all
nonabelian metabelian groups of order 24. The results indicated that if the energy of the graphs
in the study is rational, it must be an even integer.

Moreover, Ahmad Fadzil et al. (2020a) determined the energy of the Cayley graphs of
alternating groups with respect to the subset S of valency one and two. The authors also
computed the energy of the same graph for the symmetric group of order 24 (Ahmad Fadzil
et al. 2020b). Furthermore, Akbari and Hosseinzadeh (2020) established that for any graph I,
its energy is at least twice the minimum degree of I', with equality occurring if and only if I is
a complete multipartite graph with equal-sized parts.

The Laplacian energy of a graph is defined as the sum of the absolute differences between
the Laplacian eigenvalues and the ratio of twice the number of edges to the number of vertices
(Gutman & Zhou 2006). Mahmoud et al. (2017a) presented a general formula for the Laplacian
energy of the conjugacy class graph of the dihedral group Ds,,, specifically for cases where n
is an odd integer greater than 3. In year 2020, Das ef al. established a lower bound on the
Laplacian energy of chain graphs in terms of order n and characterized the extremal graphs.
A year later, Mei et al. (2021), derived upper and lower bounds for the Laplacian energy of
chain graphs and identified the graph with the maximum Laplacian energy among all connected
bicyclic chain graphs by analyzing algebraic connectivity.

The prime graph of a group G, denoted by I" (G) is one of the examples of graph related to
a group. The researchers have been exploring the theory and generalizations of the prime graph
since 1981. According to Williams (1981), the prime graph of G is a graph whose vertices
correspond to the prime numbers dividing the order of G. Two vertices u and v are connected
by an edge if and only if G contains an element of order wv. This concept played a fundamental
role in understanding the structure and properties of finite groups.

Further developing the field, Sattanathan and Kala (2009) introduced the concept of order
prime graph which is associated to GG. In this graph, vertices correspond to elements of G and
are connected if their ordering is co-prime. The authors characterized certain classes of order
prime graph.

Moreover, Ma et al. (2014) introduced the co-prime graph of G. The coprime graph was
studied extensively by Dorbidi (2016) and Selvakumar and Subajini (2017). Mutharasu et al.
(2014) is then introduced the generalized co-prime graph where in this article, the authors found
that the chromatic number and the clique number of certain generalized co-prime graphs are
equal. A year later, Rajkumar and Devi (2015) explored the relationships between the algebraic
properties of a group and the graph-theoretic properties of the co-prime graph.

Afterward, Abd Rhani ef al. (2017) initiated the concept of the relative co-prime graph of
a group. By using the definition of this graph, some graph properties such as the dominating
number, the degree of the identity element and the independent number are obtained. Recently,
Muthulakshmi ef al. (2024) characterized the structure of order prime graphs of some groups
and obtained the independence number and clique number for this graph.

This paper is divided into three sections. The first section provides an introduction, followed
by the second section, which discusses the preliminaries, including fundamental concepts, def-
initions, and relevant previous findings. The third section focuses on the main results, specif-
ically the computation of the energy and Laplacian energy of three graphs associated to the
relative co-prime graph of S3 with respect to a subgroup H.

2. Preliminaries

Some preliminaries involved in this study can be found as is the following.
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Definition 2.1. (Gutman 1978) The adjacency matrix of a graph I' (G) associated with a group
G, consisting of n vertices and no parallel edges, is defined as follows:

_J 1,if v; and v; are adjacent ,
ET(6) = { 0, otherwise. M

Definition 2.2. (Friedberg er al. 2013) The equation det (E — AI) = 0 is known as the
characteristic equation of £’ where E denotes the adjacency matrix, A is a scalar and I represents
the identity matrix. The function f (\) = det (AI — E)) is called the characteristic polynomial
of E.

Definition 2.3. (Gutman 1978) Let I be a graph, the energy of I', denoted by  (I") , is the total
of the absolute values of its eigenvalues, i.e. if A1, Ag, ..., A, are the eigenvalues of I', then

e(D) =) |\l )
=1

Definition 2.4. (Bondy & Murty 2008) The degree of a vertex v, denoted as d,, is the number
of edges connected to v, with each loop being counted as two edges.

Definition 2.5. (Gutman & Zhou 2006) Let I" be a graph. The Laplacian matrix L (') of " is
defined as n X n matrix,

—1, if v; and v; are adjacent where i # j,
LI (G)) = (C)l, i.ffv? and v;j are not adjacent where i # j, 3)
i, 111 =7,

where d; is the degree of vertex 7,2 = 1,2, 3, ..., n.

Definition 2.6. (Bondy & Murty 2008) The Laplacian characteristic polynomial of a graph I' is
given by f (u) = det (uI — L (I")) where p is a real number, I represents the identity matrix,
and L (T") is the Laplacian matrix corresponding to the graph I".

Definition 2.7. (Chattopadhyay & Panigrahi 2015) Let M be an n X n square matrix, ? #* 6

be a vector in C*, and X be a scalar in C. Then, 5 is called an eigenvector of M corresponding
to the eigenvalue \ if

— —
My=M\y. “4)

Definition 2.8. (Gutman & Zhou 2006) Let " be a graph. The Laplacian energy of I' , denoted
by Le (') , is defined as the sum of the absolute deviations of the eigenvalues of its Laplacian
matrix from the mean, denoted by

- 2m

i — —— 5
n

i=1

where (1, pi2, ..., i1y, are the Laplacian eigenvalues of graph I', n is the number of vertices of the
graph I', and m is the number of its edges.

Definition 2.9. (Abd Rhani ef al. 2017) The relative co-prime graph of a group G with respect
to a subgroup H, denoted as I,y (H, G), is a graph whose vertices are elements of G. Two
distinct vertices u and v are adjacent if and only if ged (|u|, |[v]) = 1 and any of element u or v
isin H.
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Definition 2.10. (Fraleigh 2003) Let A be the finite set {1, 2, ..., m}. The group consisting of
all permutations of A is called the symmetric group on m elements and is denoted by S,,,. The
order of S, is given by m!.

3. Results and Discussion

This section presents the adjacency matrices of the relative co-prime graph of the symmetric
group of order six. Subsequently, the energy and Laplacian energy of this graph are computed.

3.1. The relative co-prime graph of symmetric group of order six

The relative co-prime graphs of the symmetric group of order six are given as in the following.

Note: Only the graph of H, = {(1),(12)} is provided in Figure 1 for the subgroup of order
two, because Hy={(1), (13)} and Hs={(1),(23)} has a structure similar to Hs due to the
identical order. In addition, only the graph of Hs = {(1),(123),(132)} is provided, since
Hs = S3 = {(1),(12),(13),(23),(123),(132)} has a graph structure similar to Hz. The
main difference between them is in their vertices, which vary depending on the elements that
make up each subgroup.

Proposition 3.1. Let I, (H, S3), be the relative co-prime graph of symmetric group with
respect to a subgroup H and S3 is the symmetric group of order six. Then, the relative
co-prime graph of S3 with respect to subgroups of H; = {(1)},Hs = {(1),(12)} and
Hs = {(1),(123),(132)} are found as in the following.

@ @ @
@& (423) mf\i = _23) (12)] {123)
(03] 52) [(13) B 132) 13 == 132)
(23) (23) (23]
H,={(1)} H, ={(1),02)} H,={(1),23),(132)}

Figure 1: The relative co-prime graphs of Ss with respect to subgroups Hq, H> and Hs .

Proof. By Definition 2.9, the relative co-prime graph of a group of S35 consists of six vertices,
and their connections follow from the adjacency rule in Definition 2.9. [

3.2. The energy of the relative co-prime graph of S5

In this subsection, the energies of the relative co-prime graph of symmetric group of order
six are determined by using the eigenvalues of its adjacency matrix. The adjacency matrix
represents the connections between the vertices, where each vertex corresponds to an element
of the symmetric group S3. A connection is formed between two vertices if their corresponding
elements have relatively prime orders.

The adjacency matrix of I'cop, (H1, S3) is given in the following.
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E (Leopr (H1,S3)) =

el e e S )

SO O OO
OO OO
OO OO
SO O OO
SO O OO

Proposition 3.2. Let G be the symmetric group of order six, Sz and I'cop, (H1, G) is the relative
co-prime graph of G with respect to a subgroup H; = {(1)} . Then, the energy of the relative
co-prime graph of G,

& (Teopr (H1,G)) = 4.472.

Proof.By Definition 2.1, if a connection exists between vertex ¢ and vertex j, the element
a;j = 1. Orelse, it is 0. From 'y, (H1, G) of Figure 1, the central vertex connected to
all other vertices and no other edges between peripheral vertices. For the adjacency matrix, the
eigenvalue polynomial of E (I'c,pr (H1, G)) is as follows:

fF)=X"(3-5)

As aresult, the eigenvalues of I, (H1, S3) are A = 0 with four repetitions and A = V5 and \ =
—/5. Therefore, by Eq. (2), & (Deopr (H1,G)) = 4]0 + |V5| + |—V/5| = 4.472. O

The adjacency matrix of I'cop (H2, S3) is presented below along with the energy of the
graph. This matrix represents the connections between elements of the symmetric group, S3
based on their relative co-primality with respect to the subgroup Hs.

E (Leopr (Ha2, S3)) =

e =)
RO OO
SO oo O
S oo oo
(e NeNoeNal
S o oo

Proposition 3.3. Let G be the symmetric group of order six,S3 and ¢, (H2, G) is the relative
co-prime graph of G with respect to a subgroup Hy = {(1),(12)}. Then, the energy of the
relative co-prime graph of G,

& (Ceopr (Ha, G)) = 6.686.

Proof. By Definition 2.1, if there is a connection between vertex 7 and j, the element a;; = 1.
Or else , itis 0. From I, (H2, G) of Figure 1, the central vertex connected to all other vertices
and no other edges between peripheral vertices. For the adjacency matrix, the characteristic
polynomial of E (I'copr (H2, G)) is as follows:

FO)Y =2 (A =7A2 -4\ +4).
As a result, the eigenvalues of the relative co-prime graph of S5 are A = 0 with two repetitions

and A = —2, A = —1.343, A = 0.529 and A = 2.814. Hence, by Eq. (2), € (I'copr (H2, G)) =
210] + |—2| + |- 1.343| + |—0.529| + |2.814| = 6.686. OJ
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Next, the adjacency matrix of I, (H3, G) is presented below, along with the energy of the
graph.

E (Fcopr (H37 SS)) -

o= == O
R, OOoOOoORK
OO oM
oo o

OO =
OO ==

Proposition 3.4. Let G be the symmetric group of order six, Sz and I, (H3, G) is the relative
co-prime graph of G with respect to a subgroup H3 = {(1),(123), (132)}. Then, the energy
of the relative co-prime graph of G,

& (Ceopr (Hs, G)) = 7.533.

Proof. By Definition 2.1, if there is an edge between vertex ¢ and j, the element a;; = 1.
Otherwise, it is 0. From I'cp, (Hs, Q) of Figure 1, the central vertex connected to all other
vertices and no other edges between peripheral vertices. For the adjacency matrix, the charac-
teristic polynomial of £ (¢, (H3, G)) is as follows:

FO) =2 (A —11) - 12).

As a result, the eigenvalues of the relative co-prime graph of S3 are A = 0 with multiplicity
three and A = —2.484, A\ = —1.283 and A = 2.766. Hence, by Eq. (2), € (I'copr (H3,G)) =
310] + |—2.484| 4+ |—1.283| 4 |3.766| = 7.533. O

3.3. The Laplacian energy of the relative co-prime graph of Ss

In this section, starting with the subgroup H;, the Laplacian energies of the relative co-prime
graph of Ss are calculated.

5 -1 -1 -1 -1 -1
-1 1 0 0 0 ©
-1 0 1 0 0 O
L(Fcopr (H17S3)) = —1 0 0 1 0 0
-1 0 0 0 1 0
| -1 0 0 0 0 1 |

Proposition 3.5. Let G be the symmetric group of order six,S3 and ¢, (H1, G) is the relative
co-prime graph of G with respect to a subgroup H; = {(1)} . Then, the Laplacian energy of
the relative co-prime graph of G,

26
Le (Teopr (H1, G)) = 5.

Proof.By Definition 2.5, for i # j, if there is an edge between vertex 7 and j, then a;; = —1. If
vertex ¢ and vertex j are not connected by an edge, then a;; = 0. From I, (H1, G) of Figure
1, the central vertex connected to all other vertices and no other edges between peripheral
vertices. For the Laplacian matrix, the characteristic polynomial of L (I'copr (H1,G)) is as
follows:
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Fl)=p(p—06)(p—1)"%

As aresult, the Laplacian eigenvalues of the relative co-prime graph of Sz are p =0, u =1
with four repetitions and 1 = 6. Hence, by Eq. (5),

10 2 13 26
LE(FCOPT(HLG)):‘_6 +4‘3‘+‘3 :?D

Next, the Laplacian energy is calculated for the relative co-prime graph of GG with respect to
a subgroup Ho.

5 -1 -1 -1 —1 —1]
-1 3 0 0 -1 -1
-1 0 1 0 0 ©
L (Fcopr‘ (HQ, 53)) = —1 0 0 1 0 0
-1 -1 0 0 2 0

| -1 -1 0 0 0 2 |

Proposition 3.6. Let G be the symmetric group of order six, Sz and Iy, (Ha2, G) is the relative
co-prime graph of G with respect to a subgroup Ha = {(1), (12)}. Then, the Laplacian energy
of the relative co-prime graph of G,

32
Le (Leopr (H2,G)) = 3
Proof.By Definition 2.5, if i # j, then a;; = —1 if there is a connection between vertex ¢ and

vertex j. If vertex ¢ and vertex j are not connected by an edge, then a;; = 0. For the Laplacian
matrix, the eigenvalue polynomial of L (I'cop (H2, G)) is as follows:

F)=p(p—6)(n—4) (u—2)(n—1)>

As aresult, the Laplacian eigenvalues of the relative co-prime graph of Sgare u =0, 4 =1
with two repetitions, ;v = 2, u = 4 and ¢ = 6. Hence, by Eq. (5),
14—|— §—|— 1—1-54—E—¥D
3 3 3 31 3°

Next, the Laplacian energy of the relative co-prime graph of GG, with respect to a subgroup
Hs is computed.

5 -1 -1 -1 -1 -1
-1 3 0 0 -1 -1
-1 0 3 0 -1 -1
-1 0 0 3 -1 -1
-1 -1 -1 -1 4 0
-1 -1 -1 -1 0 4

L (Teopr (Hs, S3)) =
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Proposition 3.7. Let G be the symmetric group of order six, S3 and Iy, (H3, G) is the relative
co-prime graph of G with respect to a subgroup Hs = {(1), (123), (132)}. Then, the Laplacian
energy of the relative co-prime graph of G,

Le (Teopr (Hs, G)) = 10.

Proof.By Definition 2.5, if 7 # j, then a;; = —1 if there is a connection between vertex ¢ and
vertex j. If vertex 7 and vertex j are not connected by an edge, then a;; = 0. For the Laplacian
matrix, the eigenvalue polynomial of L (I'copr (H3, G)) is as follows:

F(p) = p(p—6)* (w—4) (u—3).

As a result, the Laplacian eigenvalues of the relative co-prime graph of S3 are = 0, u = 3
with multiplicity 2, 4 = 4 and ¢ = 6 with multiplicity 2. Hence, by Eq. (5),

4

22
— =+ -2+

Lé (Toopr (H3, G)) = ‘ 2l -2l

1 14

4. Conclusion

In this study, the adjacency and Laplacian matrices of the relative co-prime graph of the sym-
metric group S3 are successfully constructed. Through the analysis of their characteristic poly-
nomials, the eigenvalues of these matrices are determined. Using these eigenvalues, the cor-
responding graph energies and Laplacian energies are computed. The eigenvalues not only
characterize the graph but also serve as a foundation for computing key metrics such as graph
energy, which plays a significant role in various applications in chemistry and network theory.
Future work may involve exploring similar analyses for larger symmetric groups or other types
of algebraic structure to determine how the spectral properties and energies evolve.
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