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ABSTRACT

This article presents a novel Shooting-Interpolation framework for solving second-order singu-
lar boundary value problems (BVPs). The proposed method transforms the BVP into a sys-
tem of first-order ordinary differential equations (ODEs) and reformulates it as an initial value
problem, which is solved using the classical fourth-order Runge—Kutta (RK4) method. The un-
known initial condition is iteratively updated through an interpolation-based shooting strategy
to achieve boundary satisfaction without requiring analytical solutions. Theoretical analysis re-
sultconfirms convergence under Lipschitz continuity assumptions, stability under perturbations
in the shooting parameter, and fourth-order global accuracy due to the RK4 discretization. In
addition, the interpolation mechanism ensures progressive refinement of the shooting parameter
while maintaining numerical consistency. Complexity analysis shows quasi-linear time com-
plexity O(N -itery,ax ) and linear memory complexity O(N). Numerical results indicate that the
proposed framework provides an accurate, stable, and efficient approach for solving nonlinear
singular BVPs with Dirichlet, Neumann, and Robin boundary conditions.

Keywords: boundary value problems; shooting-interpolation algorithm; second-order singular
ODEs.

1. Introduction

Many physical phenomena can be represented using mathematical models that generate differ-
ential equations (DEs) (Khresat ef al. 2023). A DE is defined as a mathematical formulation
that incorporates derivatives of an unknown function (Moruzzi 2020; Oliveira 2016). DEs de-
scribe the relationship between the rate of change of a continuously varying quantity and the
influence of one variable on another (Gockenbach 2011). DEs have numerous applications in
various scientific, technological, and engineering disciplines (Sahani et al. 2024), particularly
in modeling relationships involving continuously varying quantities whose rates of change are
represented by mathematical functions. DEs are fundamental in various fields such as physics,
economics, engineering, and biology, where they are used to analyze and predict the behavior
of dynamic systems and natural phenomena (Linge & Langtangen 2020), while also serving as
the theoretical foundation for many scientific and technological models (Marjona 2024). Their
applications include modeling temperature control in chemical reactions, mechanical systems,
electrical circuits, diffusion processes, population dynamics, predator—prey interactions, and
curvature analysis (Temple 1967; Abell & Braselton 2016). In addition, DE concepts have been
integrated into metaheuristic algorithms (MAs) to improve optimization processes (Zhang et al.
2025), which are important for solving various complex optimization problems, including fea-
ture selection, classification performance improvement, and diagnosis optimization involving
Random Forest, Support Vector Machine, XGBoost, and hybrid approaches (Anam et al. 2026;
Ardiyansa et al. 2025; Fajri et al. 2025; Ardiyansa et al. 2024).

DEs can be categorized into two types: ordinary differential equations (ODEs) and partial
differential equations (PDEs) (Gockenbach 2011). ODEs involve derivatives of an unknown
function that depends on a single independent variable, and their solutions can be formulated
as initial value problems (IVPs) or boundary value problems (BVPs) (Smirnov 1964; Madenci
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et al. 2019). In contrast, PDEs involve unknown functions of multiple independent variables
and their partial derivatives (Choi et al. 2024). PDEs are utilized to model multidimensional
systems such as wave phenomena (Polyanin et al. 2008). However, solving PDEs is generally
more complex than solving ODEs; therefore, various numerical and analytical techniques, such
as homotopy perturbation (Mohyud-Din 2010) and separation of variables (Abell & Brasel-
ton 2016), can be utilized to transform certain PDE problems into ODEs (Latta 1961). These
techniques can facilitate the derivation of solutions to PDEs (Rashed & Kassem 2023).

ODE:s are used in various fields, and their solution is critical for various applications (Kel-
lison & Appel 2022). However, ODEs with singularities lack closed-form analytical solutions
due to their inherent mathematical complexity (Zhang et al. 2020). Singular ODEs are chal-
lenging to solve, even though they frequently emerge in physical problems such as compactons
in nonlinear elastic rods (Dai et al. 2004). The singularities of ODE solutions exhibit regular
spacing and dynamic movement along specific paths, introducing additional complexity. Con-
sequently, numerical and semi-analytical methods are indispensable for solving differential and
related integro-differential equations for which exact solutions are difficult to obtain. Various
approaches have therefore been developed to obtain accurate approximate solutions for com-
plex nonlinear problems, including homotopy-based methods for nonlinear multi-term frac-
tional Volterra—Fredholm integro-differential equations (Eshkuvatov et al. 2025). Numerical
methods offer several advantages, including reduced computational costs, improved accuracy,
and enhanced efficiency (Rasedee et al. 2021). Numerical approaches also provide reliable and
expedient solutions, making them well-suited for tackling singular ODEs (Ezhilarasi & Anbhu-
vizhi 2021). Common numerical techniques for addressing BVPs in ODEs include the shooting,
finite difference, and collocation methods (Ascher ef al. 1995).

The shooting method is a numerical approach for solving two-point BVPs in ODE:s by iter-
atively estimating the initial conditions until the second boundary condition is satisfied (Filipov
et al. 2017). This method can produce accurate numerical solutions for BVPs of ODEs with
high convergence rates (Arefin et al. 2022). The shooting method can also effectively address
unstable problems (Morrison et al. 1962). Previous research has demonstrated that the shooting
method can effectively and efficiently solve BVPs derived from real-world phenomena (Edun &
Akinlabi 2021). Additionally, Habibah et al. (2020) showed that the shooting method produced
a better numerical approximation for the Cauchy—Euler DE than the finite-difference method
due to its smaller numerical errors. The shooting method can solve various types of ODEs, in-
cluding those with nonlinear or singular forms, as it does not require grouping coefficients into a
system solvable by elementary row operations. Furthermore, the shooting method exhibits high
convergence rates, providing accurate numerical solutions for BVPs in ODEs (Arefin et al.
2022). In contrast, finite difference methods have a significant drawback due to the complex
stability treatment required at boundaries and interfaces (Sviard & Nordstrom 2013). Addi-
tionally, finite difference and collocation methods face challenges when applied to nonlinear
singular ODEs, as the discretization process does not always result in a linear system that can
be solved using elementary row operations.

However, the main limitation of the shooting method is its reliance on accurate initial guesses,
which often need to be manually adjusted until the second boundary condition is satisfied. The
conventional shooting method does not always guarantee successful solutions for BVPs because
of possible difficulties in determining suitable initial guesses (Choi et al. 2021). Moreover, this
trial-and-error process can be laborious and time-consuming. Therefore, improvements to the
shooting method are necessary to determine suitable initial conditions more efficiently and sys-
tematically.

To address these limitations, this research develops a novel shooting-interpolation method
by integrating interpolation techniques into the conventional shooting algorithm. The novelties
of the proposed method are summarized as follows:

(1) The development of a novel shooting-interpolation method that integrates interpolation
techniques into the conventional shooting method for solving BVPs.
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(2) A systematic mechanism for approximating suitable initial conditions, reducing the de-
pendence on repeated manual guessing.

(3) The application of the proposed shooting-interpolation method to second-order singular
ODE:s with improved computational efficiency and fewer iterations compared to solve the
conventional shooting method.

This article is organized as follows. Section 1 presents the introduction, outlining the moti-
vation for the proposed framework. Section 2 describes the methodology. Section 3 presents the
implementation of the algorithm for different types of boundary conditions, namely Dirichlet,
Neumann, and Robin. Section 4 discusses the theoretical properties of the proposed algorithm,
including convergence, stability, and error behavior. Section 5 analyzes the computational effi-
ciency of the proposed algorithm in terms of time and memory complexity. Section 6 provides
numerical examples to demonstrate the performance of the proposed algorithm. Finally, Section
7 concludes the paper and highlights possible directions for future work.

2. Research Method

The methodology adopted in this research follows a systematic sequence of stages as illustrated
in the research flow diagram shown in Figure 1. The process begins with an in-depth literature
review of the existing shooting method for solving BVPs of ODEs. This phase aims to establish
a strong theoretical foundation by examining the mathematical properties of singular ODE:s, the
classical shooting technique and its limitations, as well as interpolation strategies commonly
employed in numerical analysis.

Following the literature review stage, a novel shooting-interpolation algorithm is constructed
in this article for solving BVPs of singular ODEs. The proposed framework transforms the orig-
inal second-order singular ODE into an equivalent first-order system before applying numerical
discretization. A novel shooting-interpolation algorithm is then formulated based on this frame-
work. To discretize the continuous differential equations into a numerically solvable form, the
fourth-order Runge—Kutta (RK4) method is employed in this study due to its higher accuracy
and better numerical stability compared with lower-order explicit methods.

| v

Literature Review Constructing Shooting Experimenting Shooting
about Shooting Method Interpolation Method for Interpolation Mcthod for ‘ Finish '

for Solving BVP of ODEs Solving BVP of ODEs Solving Singular ODEs x
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for Solving BVP of ODEs Interpolation Algorithm

Figure 1: Research flow.

Special attention is given to the treatment of the singular point near ¢ — 0, since the govern-
ing equations contain singular coefficients of the form 1/t and 1/t2. Direct numerical evaluation
at t = 0 may produce undefined operations and numerical instability. To overcome this prob-
lem, the computational domain is shifted slightly away from the singular point by replacing
t = 0 with tg = ¢, where ¢ is a small positive constant satisfying 0 < ¢ < 1. Consequently, all
singular coefficients are evaluated at ¢ + ¢ instead of ¢, such that:

1,1 L, 1 W
t  t+e’ 2 (t+e)?
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This regularization eliminates division-by-zero singularities and transforms the original sin-
gular problem into a perturbed problem with bounded coefficients. In particular,

1 1 1 1

Mire o BEger 2 @
which remain finite for every . Therefore, the singular coefficients appearing in the governing
equation become bounded throughout the computational domain.

Furthermore, the RK4 scheme improves numerical robustness near the singular region be-
cause its local truncation error is of order O(h%) and its global truncation error is of order O(h*).
This higher-order accuracy reduces error propagation caused by the singular coefficients near
the boundary. In addition, a sufficiently small step size h is selected to ensure numerical stability
and to minimize the influence of the regularization parameter € on the computed solution.

Once the algorithm is developed, it is tested on several singular ODE problems to evaluate
its effectiveness, stability, and numerical accuracy. During this experimental phase, cubic spline
interpolation is employed to estimate the unknown shooting parameters across iterations. This
interpolation technique is selected because it provides smooth approximations with continuous
first and second derivatives, thereby improving numerical stability and yielding more accurate
estimates than linear interpolation methods.

3. Result and Discussion

This section explains the novel shooting-interpolation method for solving singular ODEs with
Dirichlet, Neumann, and Robin boundary conditions. This section also presents the proposed
algorithm.

3.1. Dirichlet Boundary Condition

This subsection explains the novel shooting-interpolation method for solving the Dirichlet bound-
ary condition. Consider the following second-order singular ODE as shown in Eq. (3),

"(t) +

ay

1
t -
U ()+t+5u

(tiiog)Qu(t) = g(t,u(t), v (1)), 3)

for 0 < a <t < b with Dirichlet boundary conditions u(a) = a and u(b) = 3, where ¢ > 0 is
a sufficiently small positive constant introduced to regularize the singularity near ¢ — 0. This
regularization avoids undefined numerical operations caused by the terms 1/t and 1/¢> while
preserving the asymptotic behavior of the original singular ODE.

The first step to solve the ODE in Eq. (3) is to convert it into a system of first-order singular
ODE:s by defining «'(¢) = v(t), resulting in the following system of ODEs:

u'(t) = v(t),
V'(t) = g(t, u(t),v(t))

ai
- —
t+ ¢

0= el )

The subsequent step involves discretizing the system of equations to facilitate numerical im-
plementation. In this study, the RK4 method is employed to transform the continuous DEs into
a discrete form. Compared with lower-order methods, RK4 provides higher numerical accuracy
and better stability properties, making it more suitable for solving singular ODEs where error
propagation near the singular boundary may significantly affect the numerical solution. Let

— _ s T |
fl(tau7v) =, and fQ(t,U,U) —g(t,u,v) t—|—€v (t+€)2u (5)
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The function g(t, u,v) is assumed to be continuous with respect to ¢ and locally Lipschitz
continuous with respect to u(¢) and v(t) on the computational domain. Under these assump-
tions, the transformed right-hand side in Eq. (5) becomes continuous in a neighborhood of
t = 0. Consequently, no singular behavior is encountered during numerical integration, and the
system satisfies the conditions required by the standard existence and uniqueness theorem for
IVPs.

The presence of the singular coefficients 1/¢ and 1/t? in the original DE potentially lead to
unbounded derivatives as t — 0. However, after regularization, the coefficients satisfy:

ai
t+e¢

laol

|as|
< (6)

1a1f _ %
g’ (t +¢)2

for all ¢ > 0. Therefore, provided that u(t), v(t), and g(¢, u, v) remain bounded, the derivative

aj ag
- v — u
t+e  (t+e)?

V' (t) = g(t,u,v) (7)

also remains bounded throughout the computational interval. Hence, the regularized formula-
tion prevents the occurrence of unbounded derivatives caused by the original coefficients.

It is important to note that the proposed method does not require the explicit evaluation of
v(0"). Instead, numerical integration is initiated from the strictly positive point ty = & > 0.
Consequently, all quantities involved in the RK4 discretization remain finite, and the existence
of the limit

v(0T) = lim u/(¢) ®)

t—0t

is not required for the practical implementation of the shooting-interpolation algorithm. This
avoids potential difficulties associated with evaluating derivatives directly at the singular point.

The regularization strategy adopted in this article assumes that the exact solution remains
bounded and sufficiently smooth in the neighborhood of the singular point. Under this assump-
tion, the perturbed problem provides a consistent approximation to the original singular ODE
for sufficiently small values of €. Consequently, the asymptotic behavior of the original equation
near the singular boundary is preserved while maintaining numerical tractability.

The present approach is intended for weakly singular BVPs whose solutions remain bounded
and sufficiently smooth near the singular boundary. For stronger singularities, such as coeffi-
cients of the form 1/¢? with p > 2, non-integrable singularities, or problems exhibiting solution
blow-up near ¢t = 0, the regularized problem may no longer accurately represent the original sin-
gular equation. In such cases, additional asymptotic analysis, singular perturbation techniques,
or specialized numerical methods may be required. Therefore, the theoretical convergence and
stability results established in this study should be interpreted within the class of weakly singu-
lar ODEs considered herein.

Using the RK4 scheme, the numerical approximations for u(t) and v(t) are then computed
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through the following stages:

kﬂf = hfl(tiauivvi)v
ki = hifa(ti, ui, v;),

w_ h kY kY

kQ _hfl <tz+ 27ul+ ) avl+ 2)7

v h kY kY

ks = hfo <tz+2vuz+2;%+2>v

u_ h ky k3

k3 = hf1 <t2+27u2+27vl+2>7

v h k3 k3

k3 _th <t2+27u2+252}1+2>7

ki = hfi(ti + hyu; + k3, v; + k3),

k‘z = hfg(ti—l—h,ui—l—k:})f,vi —|—/€§) 9)

Thus, the discrete RK4 formulations become:
1
Uj+1 = Uy + 6 (k‘zf + 2]615 + ng + k}f) s
1
Vit1 = Vi + 6 (k’qf + 2]612) + 2]{}}; + k‘}f) . (10)

The interval [a, b] C R is divided into N subintervals with step size h, such that N = (b—a)/h.
Lett; = to+thfori=1,2,..., N. Represent the values of u(¢) and v(t) at the discrete points
t; as u(t;) = u; and v(t;) = v;.

To ensure that the correct initial value (* lies within a bounded interval, the method begins by
selecting two preliminary guesses for v(a), denoted as (p,, and (p,. These initial guesses produce
the corresponding terminal values u(b) = 1 and u(b) = (2, respectively. The selection of these
values is refined iteratively until they satisfy the bracketing condition 81 < 8 and By > 8 or
B1 > B and By < B. This condition guarantees that the exact initial value (* lies within the
interval [}, , (p,], providing a valid domain for subsequent interpolation-based refinement.

In this context, the term prediction refers to the estimation of the initial condition * that
leads to a numerical solution satisfying the boundary condition u(b) = (. The function F' is
defined as a numerical mapping from the initial guess ¢, to the solution value u(b), that is,
F(¢,) = u(b). Hence, predicting the graph of the function F'((;,) = u(b) means observing how
variations in the initial guess affect the value of the solution at the boundary.

The key innovation in this method lies in employing interpolation, specifically cubic spline
or polynomial interpolation, to construct an approximate inverse of the function ¥ based on a
series of computed pairs ((p, u(b)). This allows for estimating the value ¢* ~ F'~1(3), which
is iteratively refined until the prediction error is small. This approach avoids the trial-and-error
nature of the classical shooting method by guiding the selection of (* using information from
previous iterations. Mathematically, the convergence criterion is expressed as follows:

err(¢7) = [F(¢") —u(b)] = |F(¢") — Bl = 07 (11)

Once the value of (* satisfying this condition is obtained, it is used to compute the full solution
u; fori =1,2,..., N — 1, thereby solving the second-order singular BVP.

3.2. Neumann Boundary Condition

In practical scenarios, boundary conditions extend beyond just Dirichlet boundary conditions.
For instance, the one-dimensional steady-state heat equation employs Neumann boundary con-
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ditions, which require a different approach than Dirichlet. This subsection discusses the novel
shooting-interpolation method for solving the first type of Neumann boundary conditions.

Consider the following second-order singular ODE such as shown in Eq. (3) for 0 < a <
t < bwith v/(a) = o and v/ (b) = B. The first step involves the same as Dirichlet by converting
the second-order singular ODE into a system of first-order ODEs as shown in Eq. (4). To
discretize the system, the RK4 method is employed. Define f; and f5 that defined in Eq. (5).
Based on the RK4, the numerical approximations are computed through the stages as shown in
Eq. (9). Thus, the discrete RK4 formulations become same as Eq. (10). The difference lies in
the boundary condition, which becomes as follows:

a=1u(a) =v(a) = vy = «, (12)
B =1u'(b) =v(b) = vy = B. (13)

The interval [a, b] C R is divided into N subintervals with step size h, such that N = (b—a)/h.
Lett; =tg+ihfori=1,2,..., N. Represent the values of u(¢) and v(¢) at the discrete points
t; as U(tz) = U; and U(tz‘) = V;.

The next step requires making two initial guesses for the value of u(a). Let the two initial
guesses be u(a) = 7, and u(a) = 7,,, resulting the corresponding values v(b) = (1 and
v(b) = Pa2. These guesses are not selected randomly, but chosen manually to satisfy the con-
dition that 51 < B and B2 > B, or 81 > [ and By < (3. This ensures that the true solution
~* lies within the interval v* € [v,,,7p,]. If this condition is not initially satisfied, the guesses
are adjusted until it is met. Furthermore, the initial guesses are refined iteratively by observing
the trend in error reduction with each update. This ensures that the method exhibits consistent
convergence behavior and approaches the correct solution for the initial value u(a).

The next stage is to involve predicting the behavior of the function F'(y,) = v(b), where the
horizontal axis represents the guess value -, and the vertical axis corresponds to the resulting
endpoint value v(b). The desired value v* is then determined by computing F'~1(/3) through an
iterative process, which continues until the error between F'(vy,) and the target boundary value
5 falls below a predefined tolerance. This process is expressed mathematically in Eq. (14).

err(y") = [F(v*) —v(b)| = |[F(v*) — 8| = 0. (14)

The value of v* with a small error is then used to compute the values of u; fort =0,1,..., N,
thereby obtaining the solution to the second-order singular Neumann boundary condition.

3.3. Robin Boundary Condition Type I

Mixed boundary conditions, which extend the concepts of both Dirichlet and Neumann condi-
tions, are common in real-world scenarios and call for a specialized approach. These are known
as Robin boundary conditions, which come in several different forms. This part will be discuss
the novel shooting-interpolation method for solving the first Robin boundary conditions.

Consider the following second-order singular ODE as shown in Eq. (3) for 0 < a <t <b
with Robin boundary conditions u/(a) = « and u(b) = (3. The step in this condition involves
the same procedure as the previous method. The difference lies only in the boundary condition,
which is:

a=1u(a) =v(a) = vy = a. (15)

The interval [a, b] C R is divided into N subintervals with step size h, such that N = (b—a)/h.
Lett; = to+thfori=1,2,..., N. Represent the values of u(¢) and v(t) at the discrete points
t; as u(t;) = u; and v(t;) = v;.

At this stage, it is necessary to provide two initial estimates for the unknown value of u(a),
denoted as 7, and ~y,,. These estimates lead to the computed boundary outputs «(b) = $; and
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u(b) = [a, respectively. The selection of these estimates is performed iteratively, aiming to
ensure that the resulting boundary values that satisfy the condition 81 < [ and B3 > 3, or vice
versa. Meeting this requirement guarantees that the true value v* resides within the interval
[Ypr» ¥p»)- When this condition is not fulfilled, the initial guesses should be revised accordingly
to bracket the solution properly.

Following this, the functional relationship F'(vy,) = u(b) is approximated, where 7, serves as
the input along the horizontal axis and the corresponding terminal value u(b) forms the output.
The objective is to determine the input v* such that F'(v*) = (. This is achieved by applying
an iterative inverse estimation procedure, which adjusts -y, step by step until the discrepancy
between F'(v,) and the target (3 falls within an acceptable tolerance. The formulation of this
process is provided in Eq. (16).

err(v") = [F(7") —u(b)| = [F(v") — B ~ 0" (16)

The value of +* with a small error is then used to compute the values of u; for: = 0,1,..., N —
1, thereby obtaining the solution to the second-order singular equation for the first type of Robin
boundary conditions.

3.4. Robin Boundary Conditions Type I1

As discussed earlier in the previous subsection, Robin boundary conditions come in various
forms. This section focuses on novel shooting-interpolation method for solving the second type
of Robin boundary conditions. Consider the following ODE as shown in Eq. (3) for 0 < a <
t < b with Robin boundary conditions u(a) = a and u/(b) = .

The step in second types of Robin condition involves the same procedure as the previous
method. The difference lies only in the boundary condition. Since the system satisfies u/(t) =
v(t), the Robin boundary condition at the right endpoint can be written directly as v(b) = £.

The next phase involves selecting two preliminary estimates for the unknown value v(a),
denoted as ¢, and (;,. These initial values produce corresponding outcomes at the penultimate
time step, namely v(b) = (1 and v(b) = (2. The estimates are refined until the resulting
terminal values satisfy 51 < S and By > (3, or §1 > 5 and B3 < (. Satisfying this criterion
ensures that the true solution ¢* lies within the bounded interval [(,, , (p,]. If the condition is
not initially met, the guesses are updated accordingly until the bracketing condition is fulfilled.

Subsequently, the relation between the input guess ¢, and the output v(b) is treated as a
function F'((,) = v(b), where the horizontal axis denotes the estimated initial value and the
vertical axis corresponds to the final computed result. The main goal in this stage is to identify
¢* such that F'(¢*) = . This inverse estimation is carried out through an iterative scheme that
minimizes the difference between F'((,) and the target boundary value 3 until the error falls
below the specified tolerance. The formulation of this procedure is presented as follows.

err(¢™) = [F(¢") —v(b)| = |[F(¢") — Bl = 0. (17)

The value of ¢* with a small error is then used to compute the values of u; fors =1,2,..., N,
thereby obtaining the solution to the second-order singular for the first type of Robin conditions.

Algorithm 3.1 provides a unified computational framework for solving second-order singular
BVPs under Dirichlet, Neumann, and Robin boundary conditions. This method transforms the
ODE into a first-order system and employs the RK4 scheme to obtain highly accurate numerical
approximations. The unknown initial condition is treated as a shooting parameter and iteratively
refined through an interpolation-based inverse estimation process until the prescribed terminal
boundary condition is satisfied within a tolerance. Although the numerical integration procedure
remains identical for all boundary-condition types, the distinction among the four cases lies in
the selection of the known boundary values, the unknown initial quantity to be estimated, and
the shooting function used during the shooting process. These differences are summarized in
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Algorithm 1 Shooting-Interpolation Algorithm with RK4

Require: iterpyax, a, b, h, left and right boundary conditions

Ensure: Numerical solution u;, 7 =0,1,..., N
ay ao

tre (tte)2

1: Rewrite the second-order singular ODE as ' = v and v' = g(t, u,v) —
ai ao

v— u.
t+e  (t+e)?

2. Define f1(t,u,v) = v and fao(t,u,v) = g(t,u,v) —

3: Sett; =a+th,i=0,1,...,N.

4: Initialize 6, = [] and 3, = [].

5: Define one RK4 step:

6 ki = hfi(ti, ui,vi), kY = hfa(ts, ui, v;).

7. k§ = hfi <ti+%,ui+%,vi+%>,k§ = hfy (ti—k%,ui—i-%,vi—k%).

s kY = f (b S o+ ) R = e (6 b+ o+ )

9: k‘}f = hfl(ti + h,u; + k}f,vi + k?g), k?}f = hfg(ti + h,u; + kg,vi + kig)

EY + 2k + 2k5 + kY kY + 2k5 + 2k5 + kJ
5 )

10: Update w;11 = u; + and v41 = v; +

11: Choose two initial shooting parameters ), and 0, .

12: for j =1to2do

13 Set < 0.

14:  Set the corresponding unknown initial condition using Table 1.
15 fori=0to N —1do

16: Apply the RK4 step to obtain (w41, vit1).

17: end for

18:  Store the terminal value as 3;.

19: Op[j] <= by, Bpli] < B

20: end for

21: Setiter < 2.

22: while iter < itery,,x do

23:  Construct the interpolation set {(6,[k], Bp[k]) : k =1, ..., iter}.
24:  Determine the new shooting parameter 6,0y, = F~1(3).

25:  Set the corresponding unknown initial condition using 0yey,.
26 fori=0to N —1do

27: Apply the RK4 step to obtain (w41, vit1).

28:  end for

29:  iter < iter + 1.

30: Opliter] < Ohew.

31:  Store the computed terminal value in [ [iter].

32: end while

33: Set 0 < O, [itermax].

34: Set the corresponding unknown initial condition using 6*.

35. fori =0to N —1do

36:  Apply the RK4 step to obtain (w11, vi11).

37. end for

38: Compute err(0*) = |Beomp — 5.

39: return u(t;), i =0,1,..., N.

359



Natasha Clarissa Maharani, Safrizal Ardana Ardiyansa, Mohamad Muslikh & Ummu Habibah

Table 1, which demonstrates that the proposed framework can accommodate multiple boundary-
condition configurations within a single generalized algorithmic structure.

Table 1: Boundary-condition types in the RK4 shooting-interpolation algorithm

Boundary Known Left Target Right Unknown Shooting Shooting

Condition  Condition Condition Initial Value Parameter Function
Dirichlet u(a) = « u(b) =B v(a) 0=v(a) F(0)=u(b)
Neumann v(a) =« v(b) =8 u(a) 0=u(a) F(0)=uv(b)
Robin I v(a) =« u(b) =g u(a) 0 =u(a) F(0)=u(b)
Robin I u(a) = « v(b) =8 v(a) 0=v(a) F(0)=v(b)

4. Convergence, Stability, and Error Analysis

This section presents the theoretical justification of the proposed Shooting-Interpolation algo-
rithm for solving second-order singular BVPs with Dirichlet, Neumann, and Robin conditions
using the RK4 method. The proposed algorithm iteratively estimates an unknown initial shoot-
ing parameter through interpolation.

Let the exact shooting parameter be denoted generally by 6*, where 6* € {(*,~*} depending
on the imposed boundary condition. Define the shooting function as:

F(0) = @(b; 0), (18)

where ®(b; 6) represents the numerical quantity evaluated at the boundary point corresponding
to the considered boundary condition. The algorithm constructs a sequence:

{Q(k)}ge:rrilax — {9(1)7 9(2)7 . ,H(itermax)}’ (19)

using interpolation of previously computed pairs (), F(6())),

4.1. Convergence Analysis

A numerical algorithm is said to be convergent if the numerical approximation approaches the
exact solution as the step size and error tend to zero. Assume the following conditions hold:

(1) The function ¢(t,u,v) is continuous on [a, b].
(2) The function g(¢, u,v) satisfies the Lipschitz condition:

lg(t,u1,v1) — g(t,uz,v2)| < Li|ur — uz| + Lalvy — val, (20)

for some constants Ly, Ly > 0.
(3) The shooting function F'(f) is continuously differentiable near 6*.
(4) The interpolation sequence satisfies %) — 6*.

By Picard-Lindelof theorem, the transformed IVP admits a unique solution because the gov-
erning function satisfies the Lipschitz condition. Consequently, the shooting function F'(6) is
continuous and locally smooth.

The interpolation stage approximates the mapping F~!(3). Let 0() denote the interpolated
estimate at the k-th iteration. Based on interpolation theory, the interpolation error satisfies

k
0 — oW < cJle" -0, 1)
=1
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where C' is a bounded constant depending on higher-order derivatives of F'!. Since the inter-
polation points progressively approach the exact parameter and |6* — 6 | < 1, the interpolation
error decreases iteratively, yielding

lim [0* — W) =0, §® — " (22)
k—o0
Furthermore, the classical RK4 method is both consistent and convergent with local truncation
error O(h%) and global discretization error O(h*). Therefore,

up(t;0%)) = u(t),  ash — 0and k — . (23)

Hence, the proposed Shooting-Interpolation algorithm converges for Dirichlet, Neumann, and
Robin boundary conditions. O

4.2. Stability Analysis

Stability analysis is essential to ensure that the numerical solution remains bounded when small
perturbations arise from round-off errors, discretization errors, or perturbations in the initial
shooting parameter. A numerical algorithm is said to be stable if small perturbations introduced
during the iterative process do not grow uncontrollably as the computation progresses.

The proposed Shooting-Interpolation algorithm employs the classical RK4 integration scheme
for the transformed first-order system. Let

_ () _ |Alt,u,0)
y(t) - |:’U(t):| ) f(tay) - |:f2(t,u, 1}) . (24)
The RK4 update formula may be written compactly as:
1
Yir1=Yyitg (k1 + 2ko + 2k3 + ky) (25)
where:

ki = hf(t;,y:),

h Kk
kgzhf<ti+2,y,~—l—l>,

2
h ko
ky = ht (i + Loyt 2 ),
o=t e+ g )
k4:hf(ti+h,yi+k3). (26)

To analyze stability, consider two nearby numerical solutions y; and y; generated from
slightly perturbed initial conditions. Define the perturbation vector as e; = y; — y;. Assume
that f(¢,y) satisfies the Lipschitz condition

1£(t,y1) — £(t,y2)[ < Lllyr =yl 27

for some constant L > 0. By using the stability property of the RK4 method, the perturbation
propagation satisfies:

lei+1ll < (14 Ch)llei], (28)

where C' > 0 is a bounded constant depending on the Lipschitz constant and the RK4 coeffi-
cients. Applying the inequality recursively for n iterations gives

lenll < (1 +Ch)"[leol| < e“"leol] = e““=ley]|. (29)
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The bound above remains finite for all ¢ € [a, b]. Therefore, perturbations introduced during
the numerical iteration remain bounded throughout the computation. This result demonstrates
that the proposed Shooting-Interpolation algorithm possesses numerical stability for sufficiently
smooth singular boundary value problems satisfying the Lipschitz condition.

Furthermore, because the interpolation process only updates the shooting parameter using
previously computed bounded numerical solutions, the interpolation process does not introduce
unbounded amplification of errors. Consequently, the algorithm remains stable under small
perturbations in both the initial shooting parameter and the RK4 numerical integration process.

4.3. Error Analysis

Error analysis in this study is important to quantify the accuracy of the numerical approximation
produced by the proposed algorithm. In numerical analysis, the total numerical error consists
of the local truncation error and the global discretization error.

Let the exact solution of the transformed first-order system at ¢; in Eq. (4) be denoted by
y(t;) = [u(t;),v(t;)]T, and let the RK4 numerical approximation be denoted by y;. Consider
the Taylor series expansion of the exact solution around ¢; as follows.

h2 h3
y(tiv1) = y(t:) + hy'(t:) + jyﬁ(ti) + gy(g) (t:) +

Rt R s
51 (ti)+ﬁoy (&), (30)

for some §; € [t;,t;+1]. The RK4 method reproduces the Taylor expansion terms exactly up
to order four. Therefore, subtracting the RK4 approximation from the exact Taylor expansion
yields the local truncation error 7; = O(h®).

Assume that the exact solution possesses bounded fifth derivatives on [a, b], namely

Iy @) <M, tea,b], 31)

for some constant M > 0. Then, there exists a constant C' > 0 such that ||7;|| < Ch®. Hence,
the local truncation error of the RK4 integration procedure satisfies 7; = O(h®), showing that
the RK4 method is locally fourth-order.

Next, define the global discretization error by E; = ||y (¢;) — yil|. Since the RK4 method is
stable and the local truncation error satisfies 7, = O(h?), the accumulated global discretization
error satisfies F; = O(h*). Therefore, the Shooting-Interpolation algorithm combined with the
RK4 integration scheme achieves fourth-order global accuracy. Furthermore, because the inter-
polation stage only updates the shooting parameter using bounded numerical approximations,
the interpolation process preserves the overall convergence behavior and high-order accuracy
of the proposed algorithm.

5. Computational Complexity Analysis

The computational complexity of the Shooting-Interpolation algorithm with the RK4 scheme is
analyzed in terms of both time complexity and space complexity. Let N denote the number of
discretization points and let itery, 5 represent the maximum number of interpolation iterations.

The proposed algorithm consists of three major computational stages, namely discretization,
RK4-based shooting integration, and interpolation-based refinement of the shooting parameter.
In each shooting process, the algorithm performs forward numerical integration from 7 = 0 to
N — 1 using the RK4 method applied to the transformed first-order system u/(t) = fi (¢, u, v)
and v'(t) = fa(t, u,v).

For each discretization step, the RK4 procedure computes four intermediate coefficients for
both variables v and v, namely (k}, k%, k%, ki) and (k}, k5, k3, kY). Each RK4 stage requires
only a constant number of arithmetic and function-evaluation operations. Consequently, one

362



Shooting-Interpolation Algorithm for Solving BVPs in Second-Order Singular ODEs

RK4 integration step requires O(1) computational cost. Since the forward integration contains
N discretization steps, one complete shooting process requires O(N) computational time.

The interpolation stage is repeated iteratively until the maximum iteration iter,,,x is reached.
During the k-th interpolation iteration, the algorithm constructs interpolation data from previ-
ously computed pairs:

(65),89)) for j = 1,2,..... k,

followed by one additional RK4 forward integration over all discretization points. Therefore,
the computational cost for the k-th iteration becomes O(N + k), where the term O(k) corre-
sponds to the interpolation construction process and O(N) corresponds to the RK4 shooting
integration. By summing all interpolation iterations, the total computational complexity of the
proposed algorithm is obtained as follows:

iterpmax

T(N)= Y O(N+k)
k=1

itermax
= O(N -itermax + Y _ k)
k=1
= O (N - itermax + iter? . ) - (32)

Because the number of discretization points is generally much larger than the interpolation
iterations, namely IV >> itery,,x, the dominant computational term becomes

T(N)~ O (N -iterpax) - (33)

Although the RK4 requires four intermediate evaluations per discretization step, this only af-
fects the constant factor of the computation and does not alter the asymptotic order of complex-
ity. Therefore, the time complexity is quasi-linear with respect to the discretization size.

For space complexity, the proposed algorithm stores several numerical vectors, including
the discretization points ¢[i], the solution vectors u[i] and v[i], and the interpolation history
vectors ¢, and 3. Additional RK4 intermediate coefficients k1, k2, k3, k4 are computed locally
during each iteration and require only constant auxiliary memory. Hence, the dominant memory
requirement arises from storing the numerical solution vectors of length proportional to V.
Therefore, the overall space complexity of the proposed algorithm is S(N) = O(N).

These results indicate that the proposed Shooting-Interpolation algorithm combined with the
RK4 integration scheme maintains quasi-linear computational growth while preserving linear
memory consumption. Consequently, the method remains computationally efficient and scal-
able for solving second-order singular boundary value problems with Dirichlet, Neumann, and
Robin boundary conditions over large discretization domains.

6. Numerical Example

This section presents numerical examples to demonstrate the applicability, accuracy, and ef-
fectiveness of the proposed Shooting-Interpolation method combined with the RK4 scheme for
solving singular second-order BVPs with various boundary conditions.

6.1. Novel Shooting-Interpolation Method for First ODE

Given the singular second-order ODE problem as shown in Eq. (34),

M@yff”_zzm (34)
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for 0 < ¢ < 1 with Dirichlet boundary conditions «(0") = 0 and u(1) = 0. The exact solution
of Eq. (34) is u(t) = t?In(t). By transforming Eq. (34) into a system of first-order ODEs,
define u/(t) = v(t). Then, the transformed system becomes

u'(t) = vl(t), (35)
o) = 2 4o (36)
t+e

Next, define the RK4 functions as follows:

filt,u,v) = v, (37)
Folt,u,v) = tig s (38)

where € > 0 is a small positive constant introduced to avoid singularity at ¢ = 0.  The
numerical integration is performed using the classical RK4 scheme. For each discretization
point ¢;, the RK4 coefficients are computed same as Eq. (9). Thus, the RK4 update equations are
obtained same as Eq. (10). The next step is to discretize the interval domain (0, 1] C R into N
subintervals with step size h = 0.01, such that N = 100. Let {; = 0.01¢ fori = 0,1,2,..., N.
Furthermore, let u(t;) = u; and v(¢;) = v;. The proposed Shooting-Interpolation method is then
applied to determine the unknown initial shooting parameter satisfying the prescribed Dirichlet
boundary condition at the right endpoint.

The next stage involves making two initial guesses for v(0"). Two possible initial guesses
are v(07) = —1 and v(0") = 1. These yield u(1) ~ 5 - 10° and u(1) ~ —5 - 10 respectively,
resulting 3; < 0and 82 > 0. The next stage is to predict the graph of the function F'(¢,) = u(1)
over 1000 iterations as shown in the Figure 3, resulting in the estimated value of fu(O*), that is
¢* = —1.3203 - 1072 with err(¢*) ~ 2.1011 - 10~'2. The value of ¢* is supposed to be guessed
in the conventional shooting method. By contrast, the proposed shooting-interpolation method
iteratively finds this value. The iteration’s error and the solution of ODE can be obtained using
¢*, and it can be seen in Figure 4.

To examine the long-term performance of the first ODE problem, the iteration process was
extended until a specified tolerance error threshold of err(¢*) < 1 x 10~ was achieved. This
convergence criterion can be achieved at 460-th iteration as shown in Figure (4b). At 1000-th
iteration, the predicted value of v(0™) was refined to (* = —1.3203 x 10~?, and the resulting
solution satisfied the boundary condition u(1) =~ 4.9978 x 1071, corresponding to an absolute
error of approximately 2.1011 x 10712, This result affirms the accuracy and robustness of the
proposed shooting-interpolation method in efficiently solving singular BVPs.

Figure 2 illustrates the squared error distribution, where the proposed shooting-interpolation
approach exhibits a consistently lower error profile compared with the benchmark algorithms.
This behavior is consistent with the quantitative results reported in Table 2, which confirms the
superior performance of the RK4-based shooting-interpolation method across all accuracy met-
rics. In particular, the RK4 Shoot-Inter method achieves the lowest errors, with MSE, RMSE,
MAE, and MAXE values of 1.65 x 1071, 4.07 x 1078, 7.87 x 1079, and 3.69 x 10~ 7, respec-
tively, significantly outperforming both the Euler-based method and the conventional shooting
method. While the Euler-based approach also shows improved performance over the conven-
tional shooting algorithm, its error magnitudes remain several orders higher than those of the
RK4 variant. In terms of computational cost, the RK4 Shoot-Inter method requires a CPU time
of 2.79 x 10? seconds, which is slightly higher than the Euler-based method but substantially
justified by the marked improvement in accuracy, whereas the conventional shooting method
exhibits negligible computational time but significantly poor accuracy, indicating a clear trade-
off between computational efficiency and solution quality.
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Figure 2: Comparative of error distribution for the first ODE

Table 2: Performance comparison of the considered numerical methods for the first ODE.

Initial value v(0)

Initial value v{0)

Figure 3: Interpolation graphs at iterations 3, 250, 500, and 1000 for the first ODE.

Method MSE RMSE MAE MAXE CPU
RK4 Shoot-Inter. 1.65 x 107'° 4.07 x 1078 7.87 x 107° 3.69 x 1077 2.79 x 10?
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Error Convergence Graph

Solution Graph u(x) 10-5 .
0.000 T —— RK4 Numerical Solution ] i W Error
\_ Exact Solution ! 1075 5 1 —== Tolerance = 1.0e-11

—0.025 4 Ay I 1 === lteration 460
A / ; i
—0.050 AN f 10 i
\ = |
\ I g 1
—0.075 1 N + G 1078 4 1
—_ ‘\ / @ 1
3 N\ / 5 1
5 —0.100 N / S 10774 i
N / -g 1
—0.125 1 , £ o] !
\ i/ 10 1
N\, / 1
—0.150 4 \ / !

N V4 L i mt t g
-0.175 4 S !
T . . T T T 10712 T —1 T i T
0.0 02 0.4 06 0.8 10 200 400 600 800 1000
X Iteration
(a) Numerical and exact solution comparison. (b) Error convergence graph.

Figure 4: Performance visualization of the proposed method for the first ODE.

6.2. Shooting-Interpolation Method for Second ODE
Given the singular second-order ODE problem as shown in Eq. (39).

o’ (t) + %u’(t) — ¢%u(t) exp <11ﬁ—¢;1(1_—u1(f()t)))> =0, (39)

with ¢ = 0.6; 1) = 40; and p = 0.2 for 0 < ¢ < 1 with boundary conditions »/(0") = 0 and
u(1) = 1. The exact solution of this problem is almost impossible to be obtained, therefore it
will be computed numerically. By transforming Eq. (39) into a system of first-order ODEs and
converting it into an IVP, the following system is obtained:

u'(t) = v(t), (40)

u(t) + ¢ u(t) exp (1w+(ps(ol(1_—uit()t)))> ' "

/
t) = —
U() t+¢

The next step is to discretize the domain interval (0, 1] C R into N subintervals with a step
size of h = 0.01; such that N = 100. Let ¢; = 0.01i fori = 0,1, 2,..., N. The values of u(t)
and v(t) can be represented as u(t;) = u; and v(t;) = v;. To obtain a more accurate numerical

approximation, the RK4 method is employed. For each iteration step, the RK4 formulation is
defined same as Eq. (9), where the RK4 coefficients are computed by:

k‘qf = h’UZ',

k}’:h[ Po(l — u) ﬂ,

UZ+¢2uleXp<1+¢(1—u)
3

t; +¢

e () ¢ (0 3o (P ) ] |
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kY =h

2 (R
ti+e+h/2\" " 2

+¢? (u + lf) o (1?90(1(1_—( s +ki§{3)2)))> ] |

ki =h(v; +k3),
o2
ti—|—€—|—h

K= h (05 + k2) + 62 (u; + k;:)exp(

L+@ (1= (ui+ k%))

v (1~ (ui + k) )] @)

The next step involves making two initial guesses for u(0™). Two possible initial guesses
are u(0") = 0.01 and w(0") = 0.6. These yield u(1) ~ 1.0952 and u(1) ~ 9.5197 - 10~2
respectively, resulting in 5; > 1 and 2 < 1. The next stage is to predict the graph of the
function F'(vy,) = u(1) over 1000 iterations as shown in Figure 5, resulting in v* = 0.3636
with err(*) ~ 3.2467 - 1077, The second problem also has another solution obtained through
two different initial guesses.

For the second case when the initial guesses are u(0") = 0.6 and u(0") = 1.2, these yield
u(1) ~ 9.5218 - 107! and u(1) ~ 1.2131 respectively, resulting in 1 > 1 and By < 1. With
these initial guesses, the estimated value of u(0%) is v* = 0.9079 with err(y*) ~ 3.3001-10~8.
Similar to the first problem, the conventional shooting method requires an initial guess for
~v*; however, for this nonlinear ODEs, FDM and collocation methods are not suitable since
the nonlinear structure leads to difficulties in constructing stable discrete linear systems. In
contrast, the proposed shooting—interpolation method can determine v* iteratively without such
restrictions. The two solutions of the ODE are obtained using different values of v*, and the
results are shown in Figure 8. Finally, Figures 10 present the error behavior for each iteration.

To further examine the robustness and convergence behavior of the proposed method, ex-
tended iterations were conducted under predefined tolerance levels of 1 x 10~7 and 1 x 1078.
When the initial guesses are u(0") = 0.01 and u(0") = 0.6, convergence is achieved at iter-
ation 318. Based on interpolation, the predicted v* that results in u(1) = 1 is v* = 0.3636,
where the corresponding value satisfies u(1) = 1.0000 with an absolute error of approximately
9.9940 x 10~?. The computational time for this case is 285.04 seconds for 1000 iterations, re-
flecting the cost of achieving high-accuracy approximation over the interval 0.1 < u(0") < 0.6.

In contrast, using initial guesses u(0") = 0.6 and u(0") = 1.2, convergence is reached at
iteration 354. The interpolated estimate yields v* = 0.9071, producing u(1) = 1.0000 with
an error of approximately 9.9868 x 10~8. This result highlights the efficiency of the proposed
method and confirms its ability to capture multiple solution branches of singular BVPs. More-
over, the computational time for the interval 0.6 < u(O*) < 1.2 1s 274.29 seconds for 1000
iterations, indicating that the shooting—interpolation framework remains stable while maintain-
ing high numerical accuracy.

Figures 11 present the squared error distributions for the second ODE with different ranges,
while the corresponding quantitative performance metrics are summarized in Table 4. Across
both scenarios, the proposed method consistently achieves the highest accuracy, exhibiting sig-
nificantly lower error magnitudes compared with the Euler approach and the conventional shoot-
ing algorithm. This improvement is reflected in the error distributions, where the RK4 solution
remains stable and closely aligned with the reference behavior over the entire domain. In con-
trast, both alternative methods show noticeably higher and less stable error profiles. Moreover,
the RK4 framework maintains this superior accuracy across different initial condition ranges,
indicating strong robustness of the proposed approach, although at the expense of higher com-
putational cost compared with the simpler methods.
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Figure 5: Interpolation graphs at iterations 3, 500, and 1000 for the second ODE.
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Table 3: Performance comparison with different ranges of u(0™) for the second ODE.

Range Method MSE RMSE MAE MAXE CPU
RK4 +Shoot. 2.33x 107° 4.83x107° 1.64 x 107° 3.84 x 10™* 2.85 x 10?

[0.1,0.6] Euler + Shoot. 3.75 x 107° 6.13 x 107 4.18 x 1072 1.48 x 1072 2.82 x 10?
Conv. Shoot.  1.02x107° 3.19x 1072 247x 1072 6.76 x 1073 1.59 x 1072
RK4 +Shoot. 7.18 x 107'2 2,68 x 107% 8.17x 1077 2.15x 107° 2.74 x 10?

[0.6,1.2] Euler + Shoot. 1.44 x 1077 3.79 x 107* 2.86 x 10™* 7.91 x 10™* 2.63 x 10>
Conv. Shoot. 3.38 x107° 581 x107% 569x107% 7.14x107% 297 x 1073

6.3. Novel Shooting-Interpolation Method for Third ODE

Given the singular second-order ODE from electromagnetic interaction as shown in Eq. (43).
" 4 /
uw'(t) + e (t) + (tu(t) — Du(t) =0, (43)
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Graph of Solution u(t)
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Figure 8: Two numerical solutions of the Second ODE.

with boundary conditions u/(0) = 0 and u(5) = 0 for ¢ € (0, 5]. The solution of this problem
is hard to be obtained, therefore it will be computed numerically. By transforming Eq. (43) into
a system of first-order ODEs and converting it into an IVP, the following system is obtained:

u'(t) = v(t),
Ul(t) - _t+s

for 0 < ¢t < 5. The next step is to discretize the domain interval ¢ € (0,5] C R into N subin-
tervals with a step size of A = 0.01; such that N = 500. Let ¢; = 0.01¢ for: = 0,1,2,..., N.
The values of u(t) and v(¢) can be represented as u(t;) = u; and v(¢;) = v;.

To obtain a high numerical accuracy, the RK4 method is employed. The RK4 coefficients
are defined as follows:

v(t) — (tu(t) — 1)u(t), (44)

k‘% == hvi,

4
ki] = h [—"UZ‘ — (tiui — 1)uz] y

_# +ﬁ — t._l_ﬁ _|_k:i -1 _{_ﬁ
titeth2\"" 2 e )\ YT

k?)
Ky =hv+ 2
3 <v+2>,

4 kY e o
vo_ = a2 . 12 42
ki =h ti+€+h/2<vl+2> ((tl+h/2)<uz+2> ><u1+2>],

ki =h(vi+k3),

kK =h (0 + k2) — ((t + h) (us + k%) — 1) (us + k%) | (45)

Ctite+h
By using the RK4 formulation, the shooting-interpolation iteratively adjusts the unknown initial
condition until the boundary condition at ¢ = 5 is satisfied within a prescribed tolerance.

The next stage involves making two initial guesses for u(0"). Two possible initial guesses
are u(0") = 0.1 and u(0") = 5. These yield u(5) ~ 0.2605 and u(5) ~ —1.3080 respectively,
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resulting in 8; > 0 and 32 < 0. It produces v* = 2.3520 with err(*) ~ 5.0087 - 1076,
The ODE in electromagnetic interaction given in Eq. (43) can also be defined over a different
interval, such as ¢ € (0, 10] C R with boundary conditions »’(0") = 0 and «(10) = 0.

The solution with the new boundary setting is computed using the same approach as before,
with a step size of h = 0.01 and initial guesses u(0") = 2 and u(0") = 2.2. These guesses
yield u(10) ~ 0.1293 and u(10) ~ —1.2254, which satisfy 8; > 0 and 2 < 0. The method
produces the predicted value of u(0), namely v* = 2.1199, with err(y*) ~ 3.168 - 1074,
which is smaller if compared with Euler method of err(7*) ~ 1.1492 - 102,

In terms of computational efficiency, the proposed method requires a CPU computational
time of 305.8060 seconds for 1000 iterations over the interval ¢ € (0, 10], while for the shorter
interval ¢ € (0, 5], the CPU computational time is 273.1375 seconds under the same number
of iterations. This indicates a moderate increase in computational cost as the domain length
expands, while maintaining stable convergence behavior across both configurations.

To further investigate the convergence behavior, the iterative process was extended under a
defined tolerance error of 1x 10~°. For the case defined over the interval [0, 5], convergence was
achieved after 460 iterations, as shown in Figure 11a. Based on the interpolation algorithm, the
predicted value of v* = 2.3520 yields u(5) = 0, resulting in an absolute error of 9.9653 x 1076,
which satisfies the convergence threshold. In contrast, for the ODE defined over the interval
[0, 10], the tolerance error was met after 484 iterations, as shown in Figure 11b. The interpolated
value v* = 2.1199 yields u(10) = 0, resulting in an error of 4.9956 x 10~
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Figure 9: Interpolation graphs at iterations 3, 500, and 1000 for the third ODE.
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Error Convergence Graph

Error Convergence Graph
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Figure 11: Comparative of error distribution for the third ODE.

Table 4: Performance comparison with different interval of ¢ for the third ODE.

Range Method MSE RMSE MAE MAXE CPU

RK4 + Shoot. 1.69 x 1077 4.12 x 107* 2.96 x 10™* 8.55 x 107* 2.73 x 10?

t € (0, 5] Euler+ Shoot. 1.26 x 107* 1.12x 1072 6.99 x 1072 245 x 1072 2.62 x 10?
Conv. Shoot. 247 x 10™* 1.57x 1072 1.13x 1072 3.12x 1072 1.59 x 1073

RK4 + Shoot. 4.31 x 1077 6.56 x 107* 4.38 x 10™* 2.37 x 1072 3.05 x 10°

t € (0,10] Euler + Shoot. 3.03 x 10™° 5.50 x 1073 2.85 x 107 1.68 x 1072 2.98 x 102
Conv. Shoot.  2.25 x 107% 1.50 x 1072 1.05 x 1072 4.82 x 1072 3.97 x 1073

Figures 11 present the squared error distributions for the third ODE under two different in-
tervals of ¢, namely ¢ € (0,5] and ¢ € (0, 10], while the corresponding quantitative performance
metrics are summarized in Table 4. In both cases, the proposed algorithm consistently provides
the smallest error values among all considered approaches. For the interval ¢ € (0, 5], the pro-
posed method achieves an MSE of 1.69 x 107, which is substantially lower than the Euler and
conventional shooting methods. Similarly, for the interval ¢ € (0, 10], the RK4-based approach
still maintains the best performance with an MSE of 4.31 x 10~7 and the smallest RMSE, MAE,

and MAXE values overall.
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Solution Graph u(t)
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Figure 12: Numerical solutions of the third ODE on interval ¢ € (0, 5] and ¢ € (0, 10]

The error distributions confirm these results. The proposed algorithm’s curve remains signif-
icantly lower and more stable across the computational domain, indicating better numerical ac-
curacy and stability. In contrast, the Euler and conventional shooting methods exhibit noticeably
larger error magnitudes, particularly as the interval length increases. The conventional shoot-
ing method also shows the highest fluctuation and maximum error values in several regions of
the domain. Although the RK4-based framework requires higher computational time compared
with the conventional shooting approach, its superior accuracy and robustness demonstrate its
effectiveness for solving the third ODE over different integration intervals.

7. Conclusions and Recommendations

This article introduces a novel Shooting-Interpolation framework for solving second-order sin-
gular boundary value problems (BVPs). The proposed method transforms the BVP into a sys-
tem of first-order ordinary differential equations and reformulates it as an initial value prob-
lem, which is then solved using the RK4. The unknown initial condition is iteratively updated
through an interpolation-based shooting strategy. Theoretical analysis confirms that the method
is convergent under Lipschitz continuity assumptions, stable under small perturbations in the
shooting parameter, and consistent with fourth-order global accuracy due to RK4 discretization.

The numerical and computational analyses further demonstrate the effectiveness of the pro-
posed method. The RK4 integration ensures local truncation error of O(h®) and global error of
O(h*), while the interpolation process progressively refines the shooting parameter toward the
correct boundary satisfaction. The overall algorithm exhibits quasi-linear computational com-
plexity O(N - iteryax) and linear memory complexity O(N'), making it suitable for large-scale
discretization. In terms of performance, the proposed method remains computationally feasible
even for large iteration and extended computational domains, while maintaining high numerical
accuracy and stability throughout the solution process.

Recommendations for developing the shooting-interpolation method in future research are
testing the novel shooting-interpolation method to solve non-singular BVPs, higher-order BVPs,
and BVPs that represent real-world problems. It can also be applied to compare the perfor-
mance between forward Euler, Heun, and Runge-Kutta methods in transforming BVP systems
with boundary conditions into IVP systems within the novel shooting-interpolation method al-
gorithm. Lastly, the proposed method can be further investigated by analyzing its stability and
accuracy across various problem types. Expanding the method’s application to more complex,
non-linear BVPs and exploring adaptive step size techniques could enhance its efficiency. Ad-
ditionally, integrating optimization algorithms for automatically selecting initial guesses could
reduce dependency on manual interventions.
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